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1. PARTIAL DIFFERENTIATION

We began our study of ordinary di erential equations (ODEs) by modelling the ight of a projectile. Let's consider here, before discussing
partial derivatives  and partial di erential equations (PDEs), a slightly more complex example of a mug of tea coolig down on a table

top.

In what sense is this new physical scenario more complicate model? The quantity we are naturally interested in here isthe temperature T
of the liquid. In our earlier motivating example of the projectile, its height depended only on timet. Let's take the mug's dimensions as radius
R and height H. Here the temperature of the tea will again depend on timet, but almost certainly not in a uniform way throughout the mug .
So rather than just depending on timet the temperature will also depend on the spatial co-ordinatesc;y and z. Also heat will be lost to the
air, down the sides of the mug, to the air beyond and may heat ughe table and surrounding air.

The di erential equation governing the behaviour of T (Xx;y;z;t) is a partial di erential equation. The heat equation , which we will meet
again later in more detail, states that

@T_ @T N @T N @T

@t @% @y @2

where is known as thermal di usivity. These \fancy" derivatives w ith the curly @ just re ect that T depends on several variables.

The partial derivative @ T=@s the derivative of T with respect to time t when we keep all the other variablesx;y; z constant.

Again @T=@s a function of the four variables x;y; z; t.

It is a measure of what we'd see if we focus separately on eacloipt (X;y;z) and watch how the temperature changes over time.

Because the tea is cooling we would expect tha@ T=@t € throughout the mug and at all times.
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What other information would we need to describe the tea's coling? Well, we would again need annitial condition  saying how hot the tea
was to begin with. So we might assume it to begin uniformly hotand have

T(Xy;2;0)= To

for some initial temperature To and for x>+ y2 <R ?; 0<z <H:

We would also need to make some assumptions about how the hedissipated out of the mug. If we assume that air remains constntly at
some ambient room temperatureT, then one boundary condition  would be

TXy;H;t)= Ta

for x2+ y? < R?;t > 0; this describes the temperature's behaviour at the top of he mug (though it isn't a particularly realistic assumption
physically!). If say the mug were insulated to allow no heat bss then another boundary condition would be

@T
~(x;y;0;)=0
@Z(x,y, 1)
for x2+ y2 <R ?;t> 0 at the base of the mug. Likewise down the sides of the mug we wtd have
T
gr(x;y; z;t)=0
for x¥2+ y?= R%0<z <H:;t> 0 and wherer denotes the distance of a point from the central axis of the mg.

Indeed, having noticed this symmetry in the cooling we mightdecide to change variables and consider this as a problem img$t three variables
r;t;z reducing the problem somewhat.

In this course, these are the sort of PDEs we shall considernitial and boundary conditions, and how changes of variablecan simplify them.
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1.1 Partial Derivatives

Denition 1 Letf :R"! R be a function ofn variablesx1;X»;:::;Xn. Then the partial derivative
@f ...
@x(pl,. , Pn)
is the rate of change off; at (p1;:::;pn); when we vary only the variablex; aboutp; and keep all of the other variables constant. Precisely then
@f, ... _eo Flpniinp up+ hopiersiiipn)  f(posiiiipn).
@((plw--,pn)—lr']r!no h

By contrast, derivatives such as f=dx are sometimes referred to asull derivatives

Remark 2 If f (x) is a function of a single variable note that

o _ @f
dx  @x

Notation 3 @f=@1s still pronounced "d f by d X" or sometimes "partial d f by d x".

We shall also, occasionally, writefy for @f=@XxThis is common notation, but as the @f=@*s more visible, we shall mainly stick with that
notation through the course.

In some texts @f=@xs denoted asf;. It is also sometimes writtenf ;.
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Notation 4  To stress which variables are being kept constant some textse the notation

@f
@x,

to denote that this is the partial derivative off with respect tox whilst keepingy constant. This is a measure of how quicklyf (x;y) is changing
as we move from the point(ps; p2) along the liney = py.

Unless such a notation is used, we will always make clear whiao-ordinate system we are using and then a partial derivative will always
denote di erentiation with respect to some co-ordinate with all other co-ordinates in the system being kept constant.
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Example 5 Let

f(xy;z)= x?+ ye+ ;:

Then
@f _ . @f_ . @f_

@x '@y ' @z
Example 6 Let

f (X1;X2;X3;X4) =Sin( X1X2) + COS X4:

Then
@f @f @f _ @f

—— = X0 X1X2) ; —— = X1€0S (X1X2) ; 0; —— = sinXg:

@x @x @y @x

Note that @f=@x= 0 as the de nition of f is independent ofxs:

Example 7 Letf : R?! R be de ned by

x+y ifx=0o0ry=0;

Fiay) = 1 otherwise
Note that the partial derivatives @f=@@and @f=@gxist at (0; 0) with
@f @f
—(0;0)=1 and —(0;0)=1
%0 6,%0

yet f is not continuous at (0; 0) : This contrasts with full derivatives where di erentiabili ty implies continuity (see Hilary term analysis course).

PARTIAL DERIVATIVES 7



De nition 8  We may de ne second and higher partial derivatives in a simér manner to how we de ne them for full derivatives. So, in the

case of second partial derivatives of a functiorf (x;y)

@ _ @ of
@% @x @x '
@ _ @ af
@x@y @x @y’
@ _ @ ef.
@y@x @y @x
@ _ @ of .
@y @y @y’

Example 9 Let us return to the function

f(xy;z)= x>+ ye + ;

from Example 5. Then

@f _ )
@X—2x+yex,
So
S _
@_2+ ye*
cf
= &
@x@y '
a@f _ .
@x@zo’

also written fyx = (fx),;

also written fyyx = (fy), ;

also written fyy = (fx)y ;

also written fyy = (fy),

@f _ z
@y y2
af _
@y@x
@f 2z
@y y¥
@f 1
@y@z y?’

@f: }
@z vy
@
@z@i0
@ _ 1
@z@y y?’
@f _ .
@
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Note in the previous example
@t _ @f @t _ @f @t _ @f
@y@x @x@y @z@x @x@z @z@y @y@z

This will typically be the case in the examples we'll see, astie following theorem shows:

Theorem 10 Letf : R?2! R be such that@ xand o exist and are continuous. Then

@y@ @x@y
@t _ af .
@y@x @x@y

Proof. (For reference only | requires Hilary term analysis, and non-examinablg. For x;y;h;k 2 R de ne

(xy)=f(xy+k) f(xy); and (xy)="f(x+hy) f(xy)

so that

D (x;y) f(x+hy+k) fx+hy) fx+hy)+f(xy)
(X + hyy) (x;y)

Xy + k) (xy):

By the Mean-Value Theorem, applied twice, there exist 1; » 2 (0;1) such that

D(sy) = (x+hy) (xy)=hx(x+ 1hy)
= hl[fxy(x+ 1h;y+ k) fyx(x+ 1h;y)]
= hkfyy (x+ 1hiy+ 2k):
Arguing similarly with the D (x;y)= (X;y + k) (x;y) expression we know there exist 3; 4 2 (0;1) such that

D (x;y) = hkfyy (x + shjy+ 4k):

So
fxy X+ 1hyy+ 2K) = fyx (X + 3hjy+ 4K)

Letting h and k tend to 0, and using the continuity of fy, and fyx we see thatf,, = fyx as required.m
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Example 11 Dene f :R?>! R by

Show that

are unequal at(0; 0):

Solution. We have forx 6 0 and y 6 0,

@f
@X(O’ y) =
and similarly
@f
- ’O =
@y
Hence
]
10

xy(x2 yz)

—zrvz If (xy) 6(0;0);

f(xy)= X+ y?

0 if (x;y)=(0;0):

&1 &
ayex" axay

@t I N
@—y@&o,O)- 161= @X@EIO,O).
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Example 12 Find all solutions of the form f (x;y) to the partial di erential equations

. af ) &f
0] @yax 0; (i) @3 0:
Solution. The rst PDE is
@ of _
@y @x

Those functions g (x;y) which satisfy @g=@y0 are functions p(x) which solely depend onx. So we have

@f _ .
@x p(x):

This looks like an equation we would normally just integrate up, not forgetting a constant. But again @ =@sends to zero any functionQ (y) of
y: So instead of a constant we have an arbitrary function ofy: The solution then is

fxxy)=PX)+ Q(y)
where P (x) is an anti-derivative of p(x);i.e. P%(x) = p(x):

For the second equation@f=@X = 0 we can integrate in similar fashion to get

Remark 13 Note how the solutions to these second order PDEs include twahatrary functions rather than two arbitrary constants as is
often the case of an ODE. This makes sense though when we notait partially di erentiating wrt x annihilates functions solely in the variable
y and not just constant functions.
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1.2 Co-ordinate Systems

In the examples we have seen so far we have considered functiof (x;y) or g(x;y;z) where we have been thinking ofx;y;z as Cartesian
co-ordinates. f and g are then functions de ned on a 2-dimensional plane or in 3-dimasional space. There are other natural ways to place
co-ordinates on a plane or space. Indeed, depending on the nat of a problem and its inherent symmetry, it may be very natural to use other
co-ordinates.

In the next lecture we will derive the chain rule which describes the relationship between derivatives in oa system and another. For now, we
simply introduce some important examples of co-ordinate syems.

Example 14 (Planar Polar Co-ordinates) Instead of considering a point in a plane as given distancesleng each of two perpendicular
axes, we can equally describe a poi® as being at a certain distancer from an origin O and such thatOP makes an anti-clockwise angle
with a xed axis, usually the positive x-axis. This is shown in the diagram below.

b+

5

3
|
|

e r |
|
|

2 v
|
|

1 |
1

= s |
1 S
1 Z 2 3 L]

We can see that the equations relatingCartesian co-ordinates  and planar polar co-ordinates are

X
1

[ COS; y = rsin
X2+ y2; tan = y=x:

ﬂ
1
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So in the above diagram wherex =3 andy = 4 then
P L4 .
r= 32+42=5 and =tan 3 1:249 radians:

Note that r takes values in the range 2 [0;1 ) and 2 [0;2 ),for example, or equally( ; ]. Note also that is unde ned at the origin.

Remark 15 Note the de nition of partial derivative @f=@xery much depends on the co-ordinate system that is part of. It is important to
know which other co-ordinates are being kept xed.

For example, we could have two dierent co-ordinate systemsone the standard Cartesian co-ordinates and the other begqx and the polar
co-ordinate : Consider now what@r=@means in each system.

In Cartesian co-ordinates, we have

P
r= x2+y2 and so @r=@x

However when we writer in terms of x and we have

@r

r=x=cos andso — =

@x

which is certainly a di erent answer! The reason is that the two derivatives we have calculated are

@r and @r

@x, @x
and so are measuring the change ix along curvesy = const. or along = const. which are very di erent directions.
Indeed note that the two are equal only wheoos =1 in which case lines of constant and constanty are in the same direction.
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Example 16 (Changing from polar to Cartesian co-ordinates and vice versa)

Given a curve with equationf (x;y) =0 then it can be rephrased as an equation in polar co-ordinateas
g(r; )=f (rcos;r sin )=0:

The unit circle x? + y? = 1 clearly becomes =1 and the line x = k becomesr = k sec:

More generally, the lineax + by+ c¢=0 becomesr (acos + bsin )= ¢ which can be rewritten as

where A = c=p a’+ P andtan = b=a:

In reverse, given a curve in polar co-ordinatesF (r; ) = 0; then this can be rewritten as

1

X<
I
o

P
G(x;y)=F X2+ y2;tan

For example,r = cos becomesr? = r cos which givesx? + y2 = x: This we see is the circle

+ys=

X
NI =
NI =

which is a circle of radius 1=2 around the point (1=2;0):
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Example 17 (Planar Parabolic Co-ordinates)

Planar Parabolic co-ordinates u;v are given in terms ofx and y by the relations

Note that the curveu = c, in Cartesian co-ordinates, is
xc?=c* vy

and the curvev = k, in Cartesian co-ordinates is
2xk?=y? K4

both of which are parabolas. A1 and v vary over the positive numbers then(x;y) varies over the upper half-plane.

CO-ORDINATE SYSTEMS
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Example 18 (Cylindrical Polar Co-ordinates)

We can naturally extend planar polar co-ordinates into thre dimensions using a furtherz co-ordinate. In this case they are called cylindrical
polar co-ordinates. The relationships betweemn; ;z and x;y;z are given by

X = I COS; y =rsin; zZ =z
and D . y
r=x2+y2 tan =;; zZ= Z:
Note that r = const. de nes a cylinder, = const. de nes a vertical plane through the origin andz = const. de nes a horizontal plane.
z

‘Ir
f
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Example 19 (Spherical Polar Co-ordinates)
to determine

In the same way that latitude and longitude are used to deterime a position on the planet, we can similarly use two angles and
position on concentric spheres distance from the origin. These are called spherical polar co-ordinges.

Here r is simply the distance of a pointP from the origin O. The angle is the angleOP makes with the verticalz-axis and takes values in the
is the angleOQ makes with the positivex-axis.

=26 6 =2 Finally, if Q is the projection of P vertically into the xy-plane then

range
The relationships betweerx;y;z andr; ; are given by
X =rsin cos; y =rsin sin; Z =1rCos;
and P——>
p X2 + \2
r= X2+ y2+ 72 tan = %; tan = %:

17
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2. CHANGE OF VARIABLE. CHAIN RULE

2.1 Functions of Two Variables

Functions of more than one variable are common throughout mghematics. The motivating example for partial derivatives at the start of the
last chapter involved a temperature T which depended on three spatial co-ordinatex;y;z and one temporal co-ordinatet.

Such functions are often associated with maps as well. For exnple, we might have a physical map denoting the heightz above a point (x;y) :
The map might also include contours which are the curvesz = c of constant height. Herez is a scalar function of two variables.

Or the map might be a meteorological map denoting the wind sped and direction (at a xed height) above a point (x;y) : Below is a wind-
direction eld associated with a hurricane | with each point (X;y) is associated avector u (X;y). That is, u is a vector-valued function of two
variables.
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Example 20 The heightz of a column above the pointx;y) is given by the function

f(xy)=10 (x 1)%+y%

Write this as a function g(r; ) of planar polar co-ordinates.

Solution. Asx =rcos andy = rsin then we can write

f(xy) 10 (rcos 1)2+(rsin )?
10 r?co€ +2rcos 1+r?sin®
9 r2cos2 +2rcos

g(r, ):

Remark 21 Note that f and g are di erent functions, even though they have the same numéal valuez = f (x;y) = g(r; ): Itis not the
case thatz = f (r; ); rather z is given by a di erent rule in terms of r and . The rule

z=1f(r, )=10 (r 1%+ 2

is clearly not the right one!
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2.2 The Chain Rule

The chain rule for two or more variables serves the same purpose as the chain rule for one variable vehi states that

o _ o au
dx dudx’

The rule arises when we wish to calculate the derivative of tle composition of two functionsf (u (x)) with respect to x.

Likewise we might have a functionf (u;v) of two variables u and v, each of which are functions of variablesx and y. We can then make the
composition F

FOGy) =1 ulxy);vixy));

which is itself a function of x and y. We might then wish to calculate its partial derivatives

The chain rule states that

@F @feu, @fa@v
@x @uax @v@x
@F _ @fou e@fav
@y @u@y @w@y

Before going on to prove the chain rule, here is an example appached two di erent ways.
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Example 22 Let
f(u;v)=(u v)sinu+ € u(xy)= x2+y; viX)=y 2
and letF (x;y) = f (u(x;y);v(x;y)): Calculate @ F=@and @F=@lyy (i) direct calculation, (ii) the chain rule.

Solution. (i) We have that
Fy)= x?+2x sin x2+vy +exp(y 2x):

Hence
@F . 2 2 2
ax " (2x+2)sin x?+y +2x x?+2x cos x>+y 2exply 2x);
F
gy = x2+2x cos x’+y +exp(y 2x):

(i) Using the chain rule we have

oF _ @fau, @fev

@x @uU@x @v@x

(sinu+(u v)cosu)2x+( sinu+e)( 2)

(2x+2)sin x?+y +2x x?+2x cos x°+y 2exply 2x):

and

@F
@y
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Theorem 23 (Chain Rule) Let F (t) = f (u(t);v(t)) with u and v di erentiable and f being continuously di erentiable in each variable.

Then
dF _ @fdu N @fdv

dt - @uit @wt
Proof. (Not examinable) If we changet to t+ t; thenlet u and v be the corresponding changes i and v: Then

L t and v = v t;
at =t T odt o

where"1;"2! Oast ! O: Now

T
1

f(u+r v+ v) f(uv)
[f(u+t uyv+ v) f(uv+ v)+[f(uv+ v) T (u;v)]

By the Mean-value Theorem (Hilary term Analysis) we have

f(u+r v+ v) f(uv+ v) = “gf}“* LUV + V)
f
fluv+ vy f(uv) = Vgv(u;v+ 2V);

for some 1; » 2 (0;1). By the continuity of f, and f, then we have

@f @f

u@ﬂU+1wV+V)= u @dww+1
f f
vgv(u;v+ 2V) = v gv(u;v)+ 2
where 1; 2! Oasu;v ! O
So, putting this all together
F _ u @f, v @f,
T - t @U(LLV)-I- 1 + T 7V(u1v)+ 2
du @f dv @f
a‘* @U(U'V) 1t at @V(U:V)"' 2

Letting t ! 0O we get the required result. m
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Corollary 24 Let F (x;y) = f (u(x;y);v(x;y)) with u;v di erentiable in each variable and f being continuously di erentiable in each. Then
@F _ efeu, efev
@x @uU@x @v@x
@F _ @feu, @fev
@y @uay Q@wWy
Example 25 A particle P (x;y;z) moves in three dimensional space on a helix so that at time

X (t) = cost; y (t) =sin t; z(t)=t

The temperature T at (x;y;z) equalsxy + yz + zx: Use (i) direct calculation, (ii) the chain rule, to calculate dT=dt

Solution. (i)
T@M) = x@)y®+y)z)+ z(t)x(t)
= costsint + tsint + t cost
So
i}lt = sin’t+cos?t +sint+cost+ tcost tsint:

(ii) Alternatively the chain rule says that

dr
dt
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Example 26 Let z=f (xy): Show that
x@Z @z_ 0
@x @y

Example 27 Conversely show that any solution of (2.1) is of the fornz = f (xy).
Solution. We rst make a change of co-ordinates
u= y=x; V= XY:
We are aiming to show that z is a function solely in v, or equivalently that @z=@=10. By the chain rule

@z_ @2@x_ @2y

@u @@u @@l

Solving for x and y in terms of u and v we have that r

cl<]|

X = and yzpﬁ:
Then
r__
@z _ 1 l@ﬁl v @z

@u 2 wW@x 2 u@y
1x2 @z 1 @z
2 yaex 2@y
1x 07 @1 _
2y @x @y

and z= f (v) = f (xy) as required, wheref is an arbitrary di erentiable function. =

THE CHAIN RULE
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Example 28 A particle P moves around on the unit spherg = 1: Find P's velocity v (t) = dr=dt in terms of ; ; ; —and verify by direct
calculation thatv r =0:

Solution. Recall that

X =sin cos; y =sin sin; Z =COS :
Now
X = C€0S c0sS — sin sin -
y = cosS sin _—+sin cos i
zZ = sin =~
So
v r = COS COS — Sin sin — sin cos
+ co0s sin —+sin cos — sin sin
+ sin = cos
= _cos cod sin +cos sin® sin  cos sin
+ _ sin® sin cos +sin® sin cos
=0
]

This is true for any movement on the sphere. We can prove this mch more easily by di erentiating the vector identity r r = 1 to get
2v r=0:

To nd the particle's acceleration by means of a chain rule wewould need the next theorem.
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Theorem 29 (The Second Order Chain Rule)

Let F (x;y) = f (u(x;y);v(x;y)): Then

Fao = Fulge + Fuvi + Fuu (U2 + 2F sV + Fuy (V)25

Fxy = fulxy + fuvyy + fugUxuy + fuy(vyux + veuy) + Foyvevy;

Fyy = fulyy + fuvyy + fug (Uy)® +2F vy + Fuy (V)
Proof.

Fxx = (fuux+ fyvy),

(Fu)y Ux + (Fy), U + Fuley + Fyvg
(fuuux + FuyW) Uy + (Fyuuy + Fuyv) Vi + Fuls + Fyvy
fulxx + Fuvex + fuy (Ux)2+2fquxe + fuy (Vx)2

and the other results follow similarly. m

Example 30 Recall the de nition of parabolic planar co-ordinates

X = 5 y = uv:
Show that Laplace's equation
@F , GF _,
@%X @y

transforms into the same equation in parabolic co-ordinats.

Solution. From the second order chain rule we have

THE CHAIN RULE

27



]
Example 31 Find all circularly symmetric solutions to Laplace's equaton in the plane.

Solution. When we write Laplace's equation in terms of planar polar co-edinates it becomes

@f , 1@f, 1@f
@t r@r r2@:?2
To say that a solution is circularly symmetric means that f is solely a function ofr. Hence we have

=0:

d’f  1df
-+ - =
dr2 = rdr
This equation has integrating factor r and so we have
d ri = rﬁ + ﬂ =0
dr " dr — dr2  dr
giving
df _ A
dr — r

and so the general solution is
f(r)y=Alnr+B
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3. JACOBIANS AND AREA

3.1 A Brief Introduction to Double Integrals

In a moment we will meet the de nition of a Jacobian. The de ni tion is simple enough, but, in order to motivate the idea behnd it, we will
need to calculate some areas. As we change from one co-ordieagystem to another the equations of curves change, the co-dréites of points,
the rules for functions. Likewise the Jacobian is a rule for low measuring areas, or volumes, changes with a co-ordinate @hge. Our rst two
examples of calculating areas involves two examples afouble integrals.

Example 32 Calculate the area of the triangle with vertices(0; 0); (B; 0) and (X;H ).

Solution.

JACOBIANS AND AREA 29



We have known, since early school days that the answer i%BH; but we shall demonstrate this here by means of a double integl. The three
bounding lines of the triangles are

We'll assume here that 0O< X <B . In order to "pick up" all of the triangle's area we need to let x range from 0 to B and y range appropriately
from O up to the bounding line above ; 0): As our x and y vary over the triangle we need to pick up an in nitesimal piece of area & dy at
each point. We can then calculate the triangle's area as

Z yox Z y-pixex Zy=BZ y=H(x B)=X B)
A = dy dx + dy dx
x=0 y=0 7 x=X y=0
X=X Hx **BH(x B)
= —dx + —_
x=0 X X=X X B
X , 78
H ﬁ H (x B)
X 2, X B 2

HX?2 H (X B)?

N

dx
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Integrating this way, y rst then x, we would need to treatX < 0 and X > B as two further cases. Alternatively, one could also pick up he
area by rst letting y range from O toH and letting x range over the interior points of the triangle at height y.

Solution.

This method is somewhat better as we don't have to treat the three cases oK < 0; 0< X <B and B <X separately.
z y=H YA x=y(X B)=H+B

A = dx dy
y=0 x=Xy=H

EYH (X B)y

X
= . 4H + B L dy
y:
Z
y=H By
= B — d
y=0 A
=H
y2 y
= B y
2H
H2
= B H
2H
_ BH
2
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Example 33 Calculate the area of the discx? + y? 6 a2:

Solution. Again we know the answer, namely a :

In the rst example of the triangle using y as the outside variable andx the inside avoided considering a number of separate casesoirthis
example of the disc though it would have seemed much more natal to use polar co-ordinates | if we knew how to calculate areas with such!

3.2 Jacobians

You may be aware that the modulus of a determinant of a 2 2 matrix A is a measure of how much the mapx 7! Ax stretches area. Note
that the extent to which the mapping x 7! AX stretches area does not vary from point to point.

The Jacobian, or rather its modulus, is a measure of how a gemal mapping stretches space locally, near a particular poiy even when this
stretching e ect varies from point to point.

The Jacobian takes its name from the German mathematician Cd Jacobi (1804-1851).
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De nition 34  Given two co-ordinatesu (x;y) and v (x;y) which depend on variablex and y; we de ne the Jacobian

@au;v)
ax.y)
to be the determinant [
@u @u
det &% &
@x @y
Example 35 Let u and v be related tox and y by the matrix map
u _ ab X _ ax+ by
v ¢ d y  cx+dy (3.1)
Then
@u;v) _ a b _ .
axy) = det c d - ad bc:

Consider the parallelogram that is the image under the abowaap of the square with verticeg0;0); (1;0); (1;1); (0;1):

Figure 3-1 Image of the unit square under the map given by refati®.1)

The area of a parallelogram with sidesa and b is ja” bj. Hence the above parallelogram's area is
j(ai+ ) (bi+djj=
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This example illustrates that the modulus of the general redts that the Jacobian does indeed give the relative change area under a 2D mapping.

Example 36 Let x = rcos andy = rsin wherer and are polar co-ordinates. Then

Example 37

34

In reverse, r =

ax;y)
ar )

P x2 + y?2 and

=tan !(y=x) and

ar, )
@x;y)

det

99l

x

X
det x2+y?
xZ+yZ
x2 + y2
(x2 + y2)%7?

xX'=
900©
< <K=

y

x2+y2

X _
X2+ y2
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The Jacobian satis es its own sort of chain rule as one might gpect:

Proposition 38 Let r and s be functions of variablesu and v which in turn are functions of x and y. Then

@ars) _ @rs) @u;v)
axy) @u;v)axy)

Proof.
I
. @r @r
Qrs) - ger @x @
axy) @x @y |
@r@u, @r@v @r@u, @r@v’
= det @Qu@x @V@x @u@y @v@y
@sQu, @s@V @s@U, @@V
( @u v@x @u@y %)V@y
@r @r @u @u’
= det  @u B¢ U @Y
@u @v @x @y
@r;s) @u;v)
Qu;v) @x;y)
n
Corollary 39
axy) @uv) _,
@u;v) @x;y)

Solution. Taker = x and s = y in the previous proposition. Indeed the stronger result hotls true that
!

a@x  @x @u %U

X - .
glf/ 8¥ gv e =l
@u @v @x @y
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Example 40 Recall the de nition of parabolic planar co-ordinates

1
X= 3 uz V2 y = uv
In this case the Jacobiangﬁi{; is given by
. @x X
X = =
@Qu;v) @u Qv
= det uov
Vo ou
= ul+vZ

Though it is somewhat messy to calculate and v in terms of x and y we can easily calculate that

2
22 - Ayoude VA
2
u? V2 “+4ud2

4x% +4y?

u+ v

@u;v) _

Thus
ax;y)

Though 3 3 determinants are o -syllabus, included here are the Jacolans of spherical and cylindrical polar co-ordinates.
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Example 41 (Cylindrical Polar Co-ordinates)

X = rcos; y = rsin; Z =2
Then
@x @x @x
. . r Z
axyz) _ 8 8 & -
ar, ;z) g 8, g
@r @ Q@r
Example 42 (Spherical Polar Co-ordinates)
X = rsin cos; y =rsin sin; Z = Trcos:
Then
@x @x @x
- @r @ @
axyz) _ ey ay oy
ar ; ) 8 8, 3,
@r @ @
sin cos rsin sin r cos cos
= sin sin r sin cos r cos sin
cos 0 r sin
rsin sin r cos cos . sin cos rsin sin
= coSs ) ) r sin . ) )
rsin cos r cos sin sin sin r sin cos
= cosr?sin cos sin® cod r’sin® cog +sin?

= r?sin co¥ +sin?
= r?sin:

JACOBIANS

37



De nition 43 Let R R2. Then we de ne the area of R to be
27

A(R) = dx dy:
(xy)2R

Quite what this de nition formally means, and for what regio ns of R it makes sense to talk of their \area", is actually a very comgicated
question. But for the simple examples we shall give this de iition will be clear and their area unambiguous.

Theorem 44 Letf :R! S be a bijection between two regions dR?; and write (u;v) = f (x;y): Suppose that

@u;v)
Qx;y)
is de ned and non-zero everywhere. Then 77 77
@u;v)
A(S) = dudv = dx d
(%) axy) Y
(u;v)2S (x;y)2R

Example 45 If we return to the case of calculating the area of the disx? + y? 6 a; now using polar co-ordinates we have a much simpler
double integral. The interior of the disc, in polar co-ordinates, is given by

06 r6 a 06 < 2:

So
7z Z.-aZ - )
A = dx dy = axy) g g
r=0 =0 ar; )
x2+y26_a?
r=a =2
= rd dr
2.
= [r122 dr
r_z r=a
= 2 rdr
r=0
r=a
= 2 r = a2
2 r=0
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Proof. (Sketch proof of preceding theorem) Consider the small eleent of area that is bounded by the co-ordinate linesu = ug andu = ug+ u
andv=vgandv=vg+ V. Let's say that f (Xo;Yo) = ( Ug; Vo) and consider small changesx and y in x andy respectively. We have

f
f (Xo+ X;yo0) f (Xo;Yo) gX(XO;YO) X;

f
f (Xo;yo+ y) f (Xo:Yo) Cgy(xoiyo) y:

u

\Y

As f takes values inR? then the above are vectors inR?. The area of a parallelogram inR? with sides a and b is ja” bj where” denotes the
vector product. So the element of area we are considering is

@f A @f _ @f , of «
e @’ ~ ex ey
Now f = (u;Vv), sofy = (ux; V), fy = (uy;vy) and

@f , @f_ @u@v , Qu@v _ @uav @L@Vk
@x @ @@x @y@y @@y @yax

Finally
A @u@v @uav Xy:
@@y @yax
_ @uv) .
axy) 7
[ |
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Example 46 A shear parallel to the x-axis is a map of the form

(Xy) 70 (x+ ky;y):

Note that this can also be written as

X 71

1 k X
y ' 01

and that the determinant in question is 1, so that shears are raa-preserving.
If we consider the e ect of the shear

[EEN

X=H

on the co-ordinates(0;0); (X;H ) ;(B; 0) of the vertices of the triangle in Example 32 we see that theyr@moved to (0;0);(0;H),(B; 0):So we
see that we can calculate the general triangle's area by jusbnsidering the special case wheX =0:

Indeed, if we were so inclined, we could note that thetretch

1-B O
0 I=H

has determinant 1=(BH ) and moves the triangle to(0; 0); (1;0);(0;1). Hence the original triangle has areaBH times this simpler triangle.

Exercise 47 By considering an appropriate stretch nd the area of the elipse

2

‘ x

2
Yo _ ..
+ 2—1.

N

a
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Example 48 Calculate the area bounded by the curves

x=1 y?

as shown in the diagram below.

x=y? 1 8x =16 y?

Solution.  We see, if we change to planar polar co-ordinates

that the region in questionis 16 u6 2; 16 v6 2

JACOBIANS

_1 5 o

X = 5 us  ve

Hence the area is given by
Z 2,

A = u=2 v=2 @X,y)

v=1 @uiv)

u=1
z u=2 z v=2
= u?+ v? dvdu

y = uv;

dvdu

41



Example 49 The area of the sector bounded by the half-lines= and = and the polar curver = R( ) equals

Z = Zi=Rr()
A = r drd
= r=0
Z = |2 R()
= —  d
- 2,
1% -
= — R 2
5 ()°d

Example 50 Find the area bounded by the Folium of Descartes (see diagrgmvhich has equationx® + y3 = 3xy.

42
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Example 51 Moments of Inertia of a Disc (O -syllabus)

The Moment of Inertia | of a set of masses about an axis equals; miri2 where m; is the mass andr; is the distance of the masan; from the
axis. Or in the case of a continuous bodyRr, this is given by

r2dm:
R

So to work out the moment of inertia of a uniform disc of massM and radius a about a central axis, we need to integrate?(r drd ) over the
disc | here s the density of the disc so thatM = a 2: Hence

= 42 a4 Ma?
| = ri3d dr=2 = = :
r=0 -0 4 0 4 2

To work out the moment of inertia of the disc about a point on it edge we need to take the origin as this point. The equation dfe disc is
(x a)2 + y? = a? which in polar co-ordinates becomes = 2acos : Hence the moment of inertia is

Z ._,Z

r=2acos
| = r3drd
:Z:Z r=0
4 772 (2acos )*
= a - d
= =2 4
Z ==2
= at (1+cos2)?d
= =2
Z -,
- - 3 1
= a* Z+2cos2 + =cos4 d
= =2 2 2
==2
= a* 3—+sin2 +}sin4
2 8 = =2
_ 3a%*_ 3vma?
B 2 2
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Example 52 To calculate the volume of the sphere?® + y2 + z2 6 a°; it seems most natural to use spherical polar co-ordinates. fie interior
of the sphere, in spherical polar co-ordinates, is given by

So

X2+y2+ 2726 a?

dx dydz =

Exercise 53 Find the volume of the ellipsoid

Example 54 Equal Area Projections
Recall the de nition of spherical polar co-ordinates

06 r6 a;

X = rsin cos;

whose Jacobian has magnitude

44

06 < 2;

y =rsin sin;

g)r( y Z; = r?sin

06

<

Z =1TCO0Ss;

JACOBIANS AND AREA



where - is latitude and is longitude. If then we are considering the element of arearothe planet's surfacer = a; represented by and ;
then the local area distortion is a?sin :

The Albers Equal-area Conic Projection is an equal-area priction. In terms of and the projection is

P )
xzﬁpc 2ncos sinn; Yy = o HpC 2n cos cosn ;

wheren; C; o are constants. Then the Jacobian of the projection is

p . !
. Sin H
axy) _ det C 2ncos cosn P Znoos SINN

= p_ —
a; ) C 2ncos sinn p20Sin_ cosn
C 2ncos

cos?n sin +sin?n sin

= sin :
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4. THE GRADIENT VECTOR

4.1 Standard Curves and Surfaces

In the next section we will meet the gradient vector r f of a scalar functionf. The gradient vector is a way of calculating the normal of a
curve, or surface,f = ¢ de ned by a function. Here we introduce a few standard exampés of some curves and surfaces

Example 55 (Conic Sections) Conic sections, also referred to as conics, are non-degenate curves formed by the intersection of a plane with
a cone. Equivalently, they correspond to curves in a 2D plangvhich are solutions of algebraic equations of degree 2. Thdamdard form of
equation of the conics (circle, ellipse, parabola, hyperia) are

circle: x?+ y? = a?; parameterisation (acos ;a sin ); area a

ellipse: x?=a?+ y2=I¥ = 1 (b < a); parameterisation (acos ;b sin ); eccentricity € =1 =a; foci ( ae;0); directrices x = a=g area
ab:

parabola: y? = 4ax; parameterisation at?;2at ; eccentricity e = 1; focus (a;0); directrix x = a:

hyperbola: x2=a& y2=IF = 1; parameterisation (ased;btant) or ( acosht; bsinht); eccentricity €2 = 1+ b?=a; foci ( ae;0); directrices
X = a=e asymptotesy = bx=a
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Example 56 Find the point of the ellipse x?=4 + y?=9 = 1 which is closest to the point(3; 3):

In order to solve this we can turn the question into a one-vadble maximization problem by parameterising the ellipse a@ cost; 3sint). The
distance D (t) of this point from (3;3) is given by

D(t)?=(3 2cost)?+(3 3sint)?:

Thus ...

Exercise 57 To nd the point on the ellipse closest to aline we would need to nd the point where the tangent to the ellipsis parallel to the
line.

Example 58 (Examples of Quadratic Surfaces (Quadrics)) Quadrics are srfaces which are solutions of algebraic equations of degr& in 3D.
The standard form of equation of the quadrics are

Sphere: x2+ y2+ z2= a?2;

Ellipsoid: x%=& + y?=P + z2=? = 1;

Hyperboloid of One Sheet:  x°=& + y?=iF 7%= =1;
Hyperboloid of Two Sheets:  x2=& y?=if z?==1;
Paraboloid: z = x2+ y?;

Hyperbolic Paraboloid:  z= x? vy?;

Cone: x?+ y? = 72,
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Problem 59 How would one determine the closest point on a surface to: anwér point? a line? a plane?
Example 60 Find the tangent and normal to the ellipsex?=& + y?=I7 = 1 at the point (X;Y):

Solution. One way would be to implicitly di erentiate the equation and obtain

x, ydy

a2 b dx

giving dy=dx = b?X= a?Y at the point in question. Then the normal has gradient a?Y= ?X . And so the two equations are

P X
a2y
a’y

wx &

=0

y Y = (x X) (tangent)

y Y = X) (normal)

The tangent's equation simpli es somewhat to
BPXx + a’Yy= a’t’:

Alternatively we know that a parameterisation of the ellipse is given by
r (t) = (acost;bsint):

So atangent vector to the ellipse at r (t) equals

This is a vector in the tangent direction. Hence a vector in the normal direction is

STANDARD CURVES AND SURFACES
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We probably all feel we know a smooth surface inR® when we see one, and this instinct for what a surface is will besatisfactory for the
purposes of this course. We recognise all the previous exar@s as smooth surfaces, with the exception of the cone at {0;0) and could well
be comfortable working out their tangent planes and normals In the main we will be happy to work with surfaces without a formal de nition,
but for those seeking a more rigorous treatment of the topicthe following might provide a suitable working de nition.

De nition 61 (O -syllabus) A smooth parameterised surface is a mapr, known as theparameterisation

roUl R (upv) 70 (x(upv)y (u;v) sz (u;v)
from an open subset U R? to R® such that

X;y;z have continuous partial derivatives with respect tau and v of all orders
r is a bijection with both r and r 1 being continuous

at each point the vectors

@ and@

@u @v

are linearly independent (i.e. are not scalar multiples of me another).

We will not be looking to treat this de nition with any genera lity. Rather we shall just look to parameterise some of the \dandard" surfaces
previously described and calculate some tangents and norn& We de ne:

De nition 62 Letr : U !

R3 be a smooth parameterised surface and lgi be a point on the surface. The plane containingp and which is
parallel to the vectors

@ @
@u(p) and @\;p)
is called thetangent plane to r (U) at p. Because these vectors are independent the tangent planevizll-de ned.
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De nition 63  Any vector in the direction
@u @v

is said to benormal to the surface atp. There are two unit normals  of length one.

Example 64 We have already met a parameterisation for the spherg? + y? + z2 = a? with spherical polar co-ordinates. This given by
r(; )=(asin cos;a sin sin;a cos):

We already know the outward-pointing unit normal atr (; ) isr(; )=abut let's verify this with the previous de nitions and nd th e tangent
plane. We have

e ®®

Hence

N

@.,@
@ @

and so the two unit normals are (sin cos; sin sin; cos ): The tangent plane atr (; ) is then

r (sin cos; sin sin; cos )= a:
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Example 65 Find the normal and tangent plane to the point(X;Y:;Z) on the hyperbolic paraboloidz = x? y?:

Solution. This surface has a simple choice of parameterisation as theris exactly one point lying above, or below, the point §&;y; 0): So we
can take a parameterisation
roGy)= xyix? y?

We then have

@ _ oy [C .
@X_ (1!0,2)()! @y (0111 2y)
SO o 0 1
i
@, 0_ 10 x =@ 2y A
@x @y 1 o 1

A normal vector to the surface at (X;Y;Z) is then ( 2X; 2Y;1) and we see that the equation of the tangent plane is

X;Y;X2 Y2 ( 2X;2Y:1)
2X2+2Y?%2+ X2 Y?
Y2 X?= Z

r ( 2X;2Y;1)

or equivalently
2Xx  2Yy+ z= Z:
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4.2 The Gradient Vector

De nition 66  Given a scalar functionf : R" ! R; whose partial derivatives all exist, thegradient vector

or grad f
r f
is de ned as
(- of of . of
@x @% ' @x

The symbolr is pronounced \grad" usually, but also \del" or \nabla".

Example 67 Let
f (x;y;z)=2xy?+ ze + yz:
Then
rf= 2y?+ze;4dxy+z;e+y :
Example 68 Let
g(xyiz) = x*+y?+ 2%

Then
rg=(2x;2y;2z):

Note that r g is normal to the spheresg = const.

Example 69 Consider the vector eld
v (X;y;z)= 2xy + zcos@x);x?+ € Z;xcos@gx) € 7 :
Find all the scalar functions f (x;y;z) such thatv = r f:
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Solution.

Exercise 70 Show that there is no functionf (x;y;z) such thatr f (x;y;z) = (y;z;Xx):

54 THE GRADIENT VECTOR



Proposition 71  (Planar Polar Co-ordinates) Let

These are perpendicular unit vectors, pointing along the cwesr = const. and

Proof. It is easy to check that

er =(cos ; sin ); e =( sin; cos):
= const. Then
@ 1@
r —e+ ——e
@r r@
e = cos’® +sin? =1;
e = sin? +cos® =1;
e = sin cos +sin cos =0:

The line = cis parameterised by (r) = (r cosc;rsinc) and we have °(r) = e,; similarly r ( ) =(acos;a sin ) and we seer®( )= ae :
Recall that the relationship betweenr;

r =

and so

THE GRADIENT VECTOR

tan

1Y.
Xl

and x;y are given by

@r— pxi = COS

@X X2 + yz !
@ _ y _ sin
@x x2+y? r

@r_ vy

@y T xZ+y?
Q@ _ X  _ cos
@y x2+y2

=sin ;
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Exercise 72 (Spherical Polar Co-ordinates)
(i) Show that

(sin cos; sin sin; cos ):
( sin; cos )
(cos cos; cos sin; sin )

© o
1

are mutually perpendicular unit vectors.
(i) Show that if r (t) is a vector with co-ordinatesr (t); (t); (t) attime t then

d—r:Ler+ —(rsin e )+ (re):
dt
(iii)y Show further that
rf= of + ! @fe +}@fe:

_@rer rsin @ r @

56
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Example 73 The gravitational potential at a distancer from a point mass M is given by

M
V = Gi:
r
Using spherical co-ordinates we can write down straight awathat
GM
r V = rTEr
Alternatively using Cartesian co-ordinates we would have/ = GM  x2? + y? + 72 2 and nd
GM GMr _GM
rv = — (Xy;2)= —— = ——€r:

By de nition the gravitational eld is the quantity r V:

De nition 74 Letf : R"! R be a dierentiable scalar function and let u be a unit vector. Then thedirectional derivative
direction u equals

im f (attu) f (a)
th o t

This is the rate of change of the functionf at a in the direction u:

of f at ain the

Example 75 Letf (x;y;z) = x?y z? and leta=(1;1;1): Then calculate the directional derivative off at a in the direction u = (uz; uz; us).

In what direction doesf increase most rapidly?

THE GRADIENT VECTOR
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Solution. Now

h i
(1+tug)?@+tup) (L+tug)? 121 12

t
(2uyi+ uz  2uz)+ UuZ+2ugup t+ uu,t?

f (attu) f ()
t

! 2u; + Uy 2uz ast! O

is the directional derivative asked for. What is the largest this can be as we varyu over all positive unit vectors? Well in the direction

2 the directional derivative is

This
2.1. 2
3'3' 3

On the other hand

2u1+ U, 2u3=(2;1, 2) u=3jujcos =3cos

takes a maximum of 3when =0and u=(2=3;1=3; 2=3): m
THE GRADIENT VECTOR
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Proposition 76  The directional derivative of a function f at the point a in the direction u equalsr f (a) u

Proof. Let
F()=f(attu)=f (ar+ tug;:::;an + tup)
Then
im f (a+tu) f (a) —lim F () F(0) =F°(O):
tt 0 t tt 0 t
Now
0 _dF
T
_  Of dxy @f dxp,
= @(a)ﬁ"‘ "'@(a) at
f f
= Z@ur o @
= rf(a u:
[

Corollary 77 The rate of change off is greatest in the directionr f, that is whenu =r f=jr fj:
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De nition 78 A level set of a function f : R3! R is a set of points
(x;y:2) 2 R®:f (x;y;2) = ¢

wherec is a constant. For suitably "nice" functions f and constantsc the level set is a surface irR3: Note that all the quadrics given in Example
58 are level sets.

Proposition 79  Given a surfaceS  R3 with equation f (x;y;z) = cand a pointp 2 S thenr f (p) is normalto S at p.

Proof. Let u and v be co-ordinates neamp andr :(u;v) ! r (u;v) be a parameterisation of part of S. Recall that the normal to S at p is in
the direction

@.,0.
@u @v
If we write r (u;v) =(x(u;v);y(u;v);z(u;v)) then we see that

@ @f @f of @x @y @z

f = = = =.= ==X =
T eu @X@y@z @uU@udu
@f@x, @f@y, @f@z
@xQ@u @y@u @z@u
_ ef .
= Qu [by the chain rule]
=0

asf is constant as a function ofu and v. Similarly r f @=@w 0 and hencer f is in the direction of @=@ 4 @=@wand so normal to the
surface.m
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Example 80 In Example 65 we determined the normal a{X;Y;Z) to the hyperbolic paraboloidz = x? y?: If we introduce the function

f(xy;z)= x> y> z

then we can know the normal is
rf(X;Y;z)=2X; 2y; 1)

which is nd the normal to vector we found previously.

Example 81 Find the point on the ellipsoid
XZ yZ )
—+ -+ z°=
st gre el

which is closest to the planex + 2y + z = 10.

Solution. The normal to the plane is parallel to (1;2; 1) everywhere. The point on the ellipsoid which is closest Wi also have normal (1; 2; 1).
If we set

x? y? 2
vy e Yy .
f(xy;2) ] g zc 1
then the gradient equals
X 2y
f > ;22
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Example 82 The temperature T in R3 is given by

T(xy;z)= x+y? Z%

Given that heat ows in the direction of r T, describe the curve along which heat moves from the poift; 1; 1).

Solution. We have

2

rT=(1;2y,; 22);

which is the direction in which heat ows. If we parameterise the ow of the heat (say by arc-length s) asr (s) = (x(s);y(s);z(s)) then we

have

yo(s)
y(s)
2%(s)

z(s)

and integrating the last two equations we get

Iny(s)
Inz(s)

62

2x9%(s);

2x°(s) ;

2x(s) 2
2x(s)+2:
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Hence the equation of the heat's path is

2X=Iny+2=2 Ingz

moving along the direction of (1;2; 2) from (1;1;1): m

Proposition 83 Let f and g be functions ofx;y;z. Then

(i) r (fg) = frg+orf
(i) r (f") = nf" Irf

P gf frg
(i) rg = T

(iv) r(f 9= foAgexNT g(x)

Proof. See Exercise Sheets for (i), (i), (iii). The proof of (iv) follows from the chain rule ...

900 = ol 00 o] @) gt @0

- 0 @g. .\ .0 @9 .\ .co0
= f7(gx) @S(X),f (9(x)) @Q(X),f (9(x))
Fog(x)r g(x)
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Example 84 There are two important operations related to gradr . For a vector function v = (v1;V2;Vv3) we de ne

i j k
- @ @ @
" v= ax ey or
Vi V2 V3
This is also called curlv.
Secondly
@x @y @z
which is also called diw.
Example 85 These operations satisfy the identities
r (r™~ v) =0
r~r f = 0

for any vector function v and scalar function f . To prove the latter we see

i j k
rer foo= @@x @@?/ @@z
@f of of
@x @y @z
= (fay fy)it(fxz T2)j+(fyx  fyy)k=0:
The Laplacian r 2 given by
r2f=@f+@’8f+@f
@%X @y @2
can also be rewritten as r 2f =div (grad f).
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Example 86 Recall in Example 69 we introduced
V(Xy;z)= 2xy + zcos@x);x?>+ & Z;xcos@ex) & ?

and noted thatv = r f where
f(xy;z)= x?y+sin(zx)+ & %

From the previous example it follows thatr» v = 0.

Another previous exercise was to show that

w = (y;z;x)
is not the gradient of any function (i.e. @ for whichr = w). Note that
i ] k
Mmw= & & & =(1 1 1s60:
y z X

In fact, the converse ofr*r f = 0 does hold. That is, if F is a vector-valued function onR3 such thatr® F = 0 then there exists a scalar
function ; known as apotential such thatF =r :

The potential can be de ned as 7
1

(p) = . F(tp) p dt.

[That this is well-de ned and satises F = r  follows from Stokes' Theorem | see later courses.] So in the @se ofv this equals

Zin h i i o
2t?xy + tzcos t?zx x+ t2x%+ €0V 2 y+ txcost’zx €0 D z
0
n #
2t3 1. t3 gy 2 1 zély 2
=  Z_x%+ Zsin t?zx + =—x%y+ y + Zsin t%zx
3 2 3 y z 2 y z

0

x%y +sin(zx)+ & Z:
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5. CRITICAL POINTS (NON-DEGENERATE)

In this brief chapter we will de ne, and investigate the prop erties of, the non-degenerate critical points of a function 6two variables. Recall:

De nition 87  The critical points of a real function of a single variable, f (x), are all values ofx for which
fqx)=0:
Remarks
The phrase \stationary point" is synonymous with \critical point".
Critical points of a function of a single variable can be clasi ed as a local maximum, a local minimum or a point of in ecti on.

Supposef (x) has a stationary point at x°, i.e. f {xg) = 0. Suppose further that f °¢xo) < 0. Then, the stationary point at x = Xg is a
local maximum.

Supposef (x) has a stationary point at x, i.e. f {xg) = 0. Suppose further that f °¢xo) > 0. Then, the stationary point at x = Xg is a
local minimum.

Supposef (x) has a stationary point at x°, i.e. f {x¢) = 0. Suppose further that f %¥x() = 0. Then, the stationary point at x = xg could
be a local maximum, a local minimum, or a point of in ection. For example, sketch the graphs and consider the critical poits of the
functions f (x) = x4, g(x) = x* h(x) = x&.

Our aim is to consider the generalisation of the above to funttions of two variables.

De nition 88  The critical points of f (x;y), are all values of(x;y) for which

@f  o@f :
— = —=0; i.e. rf =0:
@x @y
Remarks
Once more, the phrase \stationary point" is synonymous with \critical point".
Analogously, the critical points of a function of n variables, f (X1;::; X,), are all values of (1; :::; x,) for which r f = O:
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Theorem 89 Supposef (x;y) has a stationary point at (x;y) = (a;b). Setfy(a;b) =1, fxy(a;b=s; fyy(a;b = t. Then

() If r< 0 t< O rt s?>0thenf(x;y) has a local maximum at(x;y) = ( a;b):
(i) If r>0 t> 0 rt s?>0thenf(x;y) has a local minimum at(x;y) = (a;b):
@iy If rt s®< Othenf(x;y) has a saddle point at(x;y) = (a;b).

Remarks

A saddle point entails a plot of the function f (x;y) in the region immediately around the critical point ( a;b) is analogous to a horse's
saddle ... the function increases in one direction and deceses in another as one moves away from the stationary point.

One often refers tort  s? as the discriminant.

Not all values of r; t; rt  s? have been considered. In particular, for the values of the vaables which have not been considered above
there is degeneracy and further information is required to tassify the critical point.

{ This is analogous to whenf °¢x) = 0 at a stationary point for a function of one variable.
{ Degenerate cases will be classi ed in next term's lectures.

Proof. Let n( ) =(cos ; sin ) be the unit vector in the direction . We have the directional derivatives

d  def .

dan =20 orf =cos fy+sin fy;

d?f det . @ . . @ . . .

anZ =nr(nrf)=nr(cosfy+sin fy)=cos @X(cosfx+sm fy)+sin @y(cosfx+sm fy)=coszfxx+2cos S|nfxy+sm2fyy:
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Thus, for  xed, df=dn; d?f=dn? give the rst and second derivative for f in the direction n( ) = (cos ; sin ). Clearly, d=dn is zero at a
critical point. Additionally, at the critical point we have , by de nition, fy(a;b) = r; fy(a;b=s; fyy(a;b = t and thus

d?f . . s . 2 1 .
qz(@h= rcos +2scos sin +tsin® =r cos + Csin o+ ot s sin? :

(i) Supposer< O; t< 0; rt s?> 0. Then, we have that

2
%(a;b)< 0 8:

Thus, irrespective of the direction one moves away from the critical point, the function f alwaysdecreases. Thus there is a local maximum
at the critical point.

(ii) Supposer > 0; t> 0; rt s?> 0. Then, we have that

2
jnfz(a;b)> 0 8:

Thus, irrespective of the direction one moves away from the critical point, the function f alwaysincreases. Thus there is a local minimum at
the critical point.

(i) Supposert s? < 0. We wish to show the critical point is a saddle point. Our proof below ASSUMESt 6 0. The case wheret = 0 is a
straightforward alteration and left as an exercise.

Part I. We rst of all wish to show, for r; t; s xed and satisfying the aforementioned constraint that

d?f s . 2 1 .
gz(@D =71 cos + Zsin + -t s? siP =0 (5.1)

has four real roots for 2 [0; 2 ). In Part I, we show why this is su cient to enforce a saddle p oint.

Equation (5.1) does not have a root for satisfying cos = 0.

{ Suppose cos = 0. Then sin? =1 and henced?f=dn? = t 6 0 (by above assumption).
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Equation (5.1) has four roots.

{ Ataroot, we have cos 6 0, and thus
seé ot
dn2
which yields D [
1S st
2t

(a;b)=r+2stan + ttan® =0

=tan
Noting s> rt> 0, this gives four real roots for within [0;2 ).

Part 1. We have that d?f=dn? = 0 for four values of 2 [0;2 ). Thus, on this domain, there are two non-adjacent intervals of where
d?*f=dn? > 0; moving away from the critical in these directions leads toan increase inf . Similarly, there are two non-adjacent intervals of
where d*f=dn? < 0; moving away from the critical in these directions leads toa decrease irf . Thus we have a saddle point. m

Remark The above is somewhat inelegant. The use of Taylor's expansin for a function of two variables, and the fact a symmetric marix can
be diagonalised via an orthogonal transformation, readilyleads to a proof of the above; we do not cover these topics in th course.

Example 90 For each of the functions below nd the critical points and chssify them in terms of maxima, minima or saddle points:
(i) f(xy)=x+2x%y% x*+y?
(i) g(x;y)=cos(x + y)sinx; forx;y 2 (0; ).

Solution.

() At a critical point we must have
fy=1+4xy? 2x=0; fy=4x?y+2y=y@x?>+2)=0:

For fy, = 0 we must havey = 0, whence x = 1=2 from the left of the above. Thus we have a single critical pait at (x;y) = (1 =2;0). Noting
that
fax =4y% 2 fyy = fyx =8xy; fyy=4x2+2

and using the above de nitions ofr; s; t we have
r= 2 s=0; t=3; 1t s°= 6

Hence the critical point at (x;y) = (0 ;1=2) is a saddle.
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(i) At a critical point we must have
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6. PARTIAL DIFFERENTIAL EQUATIONS

6.1 Laplace's Equation

We have already mentionedLaplace's equation in earlier examples. In Cartesian co-ordinates it reads as

@f  af _ , .
@3 + @7 0 (in the plane);
@ @  of . N
@3 + @3 + @? 0 (in three dimensions).

In Example 30 we showed how the equation remained the same wheave changed from Cartesian to parabolic co-ordinates, and ifexample 31
we saw that Laplace's equation reads as
@f N 1 @f+ 1 &f
@? ror r2@?2

in planar polar co-ordinates. A function which satis es Laplace's equation is known asharmonic .

=0

Laplace's equation is often abbreviated to
2¢ —
r<f =0

and the di erential operator r 2 is known as the Laplacian.

Laplace's equation appears in many physical situations. Foexample,r %f =0 holds true for:

the gravitational potential in a region containing no matter;
the electrostatic potential in a charge-free region;
the steady-state temperature in a region containing no soure of heat;

incompressible uid ows whenever viscosity is negligibleand there are no vortices, sources or sinks. Then the equatis of motion for the
uid can be recast into Laplace's equation for a velocity potential.
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Example 91 Letz= x+ iy and letf (z) = z". If we write u=Ref andv =Im f so that

u(y)+ iv(xy)=(x+iy)"; (6.1)

show thatu (x;y) and v (x;y) are both harmonic functions.

Solution. If we di erentiate (6.1) twice with respect to x, and also twice with respect toy; we get

nn 1)(x+iy)" ?;
nin 1)i’(x+iy)" 2= n(n 1)(x+iy)" 2:

Uxx + 1Vxx

Uyy + IVyy

Hence, adding the previous two equations,

(Uxx + Uyy) + i (Vxx + Vyy) =0

Comparing real and imaginary parts we see thatu and v are both harmonic. m

Exercise 92 Show that the real and imaginary parts of

eV = e cosx + ie* siny;
1 X i y
X+iy x2+y? X2+ y?

NIk &
|

are also harmonic.
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Separable Solutions We will rst consider separable solutions of Laplace's equation in Cartesian co-ordinates. That is we Isall look for

solutions of the form

= @, @f _,
f(xy)= X (X)Y (y) for @+ @—9—0.

If we substitute f (x;y) = X (X) Y (y) into Laplace's equation we get that

Xx) Y (y)+ X (x) Y?y) =0:

If we rearrange this to
X%x) - Y®).
X (x) Y(y)

(6.2)

The quantity, let's call it c(x;y), in (6.2) is both a function solely of x (from the LHS) and a function solely of y (from the RHS). It follows

that for any (x1;y1) ; (X2;Y2)

c(X1;Y2) [as c only depends onx]
c(X2;Y2) [as c only depends ony].

c(X1;Y1)

That is, ¢ is constant! So we have
X %qx)
X (X)
Y y)
Y (y)

If ¢=0 we see that
X (x) = AX + B; Y (y)= Cy+D

for constant A;B; C; D:
If ¢ > 0 we see that

X (x) A exp pEx + B exp pEx

Y (y) Ccos cy + Dsin pEy

for constants A; B; C; D:
If ¢ < 0 we have a situation similar to the ¢ > 0 case withx and y swapped.
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Example 93 Find the separable solutionskR (r) ( ) to Laplace's equation in planar polar co-ordinates.

Solution. Putting f (r; )= R(r) ( ) into
0

af L lef, 1@

@ rer rre?

we get 1 1
R ( )+ R ( )+ SR() "1)=0:

This rearranges to

R R
both sides of which must be constant, as previously shown. Ifve call this constant ¢ then we have ...

I’2R00+ rRO B 00
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If c= k?> 0 then we have that

If ¢=0 then we have

If c= k2 < 0 then we have

Remark 94 Note that in the casesc = k? > 0 the solutions
rk cosk : r Ksink :
are the real and imaginary parts ofz¥, then of z ¥, respectively.

LAPLACE'S EQUATION

r Xcosk:

r

Ksink
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6.2 Dirichlet's Problem

Solving Laplace's equation
r2f =0

in a region R, under a boundary condition
f (x)=g(x) forx2 @R

on the boundary @ Rof the region R, is known asDirichlet's Problem. This is named after the nineteenth century German mathematician Peter
Gustav Dirichlet (1805-1859). Under fairly mild conditions on the shape of the boundary@ Rand the function g(x) it can be shown that there
exists a unique solution to Dirichlet's problem.

It is beyond the scope of the course to treat any aspect of thigproblem in a general setting but we will look at the case of a retangular and
circular region.

Example 95 Part |  Find the most general sum of separable solutions de ned on ¢hrectangle
R=1f(x;y):06 x6 a;06 y6 g

which satis es Laplace's equation in the interior of R,

a@f of
——+ ——=0; O<x<a; O0<y<b
@i @y Y
and which satis es
f (O;y) = 0; O<y<b; (6.3)
f(x;0) = 0; 0<x<a; (6.4)
f(x;b) = 0; O<x<a: (6.5)
Part II  Hence nd the solution to
a@f ©f
—+ — =0; O<x<a; O<y<b
@i @y y
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given the boundary conditions

f (O;y) = O0; O<y<b;
f(x;0) = 0; O0<x<a;
f(x;b) = 0; O0<x<a;
f(ay) = g(y)d=9f23in Lb +sin BTy ; O<y<hb:

Solution. Part |  We need to nd the most general sum of separable solutions antiegin by considering the separable solutions we met earlier
These were of the form

f(xy) = Aexp ox +Bexp "ox Ccos' Gy +Dsin gy ; c>0; (6.6)
f(x;y) = Acos cx + Bsin P ex Cexp pf:y + D exp oy c>0; 6.7)
f(xy) = (Ax+B)(Cy+D): (6.8)

If we consider which of these can satisfy
f(x;0)="f(x;b)=0; O<x<a;

then we see:
in (6.6) this means that
in (6.7) this means that

in (6.8) this means that

Hence the non-zero separable solutions are of the form

for some integern. [The constant D is now no longer necessary.]
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If we also require that f (0;y) =0 for all y 2 (0;b) then we have

It follows that the most general sum of separable solutions atisfying Laplace's equation in the rectangleR and the conditions (6.3)-(6.5) is

(6.9)

Part Il We additionally need to impose the fourth boundary condition that

f (a;y) = g(y) %5 sin % +sin 3Ty : O<y<b;
Comparing coe cients with the expression (6.9) we see that
Hence , . , ,
o XY . X y
f y = —_— R 2+ vy
(xy) sn(a=) " & " b * smh@amp) o" sin =
]

Remark 96 We will brie y comment in the next section on how to deal with amore general functiong (y) in the boundary condition. However,

it would also be reasonable to remark that the given boundamondition has three of its sides set t00. This, though, is not as limiting as a

restriction as one might rst think. Given a general boundary condition on the four sides of the rectangle, we can treat e side separately as
above to produce four functions that match the boundary coritibn on a single side. Their sum is a harmonic function whichmeets the required
boundary condition on all four sides.
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Example 97 Let f (r; ) be a function, de ned on the discR = f(r; ):r 6 1g which satis es Laplace's equation in the interior of R,

@ + }@f+ i@ = 0;
@t r@r rZ@:2
and satis es the boundary conditionf (1; )= g( ); 06 < 2; for some function g:

r<1

Solution. We'll begin by considering the separable solutions irr and we met earlier. These were of the form
n o]
f(r;) = Ar+Br K fCcosk + Dsink g k> 0;

n 0
f(r) fAsin(kinr)+ Bcoskinr)g Ce + De ¥ ; k> 0;
f(r)

fAInr+ BgfCt+ Dg:
Note that the only solutions which are de ned at r = 0 (which lies in R) are those of the form

f (r; )= r*(Ccosk + Dsink );
wherek is a non-negative integer (so that it is continuous on the =0;2 borderline.)
Again it is the case that any sum of these

R
f(; )=  rk(Cccosk + Dysink )
k=0
is also a solution of the Laplace's equation. If the functiong( ) is of the form

g( )=cos? +sin

then we can rewrite this as

1 1 .
= -+ -C0S2 +sin ;
9()=5+3
and comparing coe cients we see that
1 1
Co= =; Cr= = Di1=1
0= 5 2= 5 1

with all other coe cients zero. Hence
f(r )= 20052 +rsin:
202 '

DIRICHLET'S PROBLEM
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6.3 Fourier Analysis

Recall when solving Dirichlet's Problem in the rectangle weproduced solutions
3

f(xy)= n Sinh nx sin

ny
b b

n=1
which met the boundary conditions on the three sides where tk function was zero.
We could meet the additional boundary condition onx = a easily when the function there,g(y) ; was a nite linear combination of the functions

.ny
sin —— ;
b
as we could compare coe cients naturally.

Likewise with Dirichlet's Problem in the circle we needed to solve the boundary condition

R
(Ckcosk + Dgsink )= g( )
k=0
onr =1. Again we can nd the coe cients easily if the function g( ) is a nite linear combination of functions

cosk and sink:

The more general problem of writing a functionF (t) as an in nite sum of function cos kt and sinkt is the subject of Fourier analysis . Compare

In order to work out each ; we look can take the component in thee; direction. If we dot both sides of the equation by e; then we nd

vV € = j:
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Similarly when faced with the equation
a X .
F(t) = > + (ak coskt + by sinkt) ; t21[0;2 ] (6.10)
k=1

we are looking for a way to extract each coe cient ax or b, somehow taking a component in the "direction” coskt or sinkt:
In Fourier analysis this is done by noting for kq; ks > O;
Z,

sin (k1t) sin (kot) dt
0

0 ifki6 ks
if k1 = ko
Z2 0 ifki6 k
cos (Kqt) cos (kot) dt Tas
if kl = kz

Z,
sin(kit) cos (kot) dt = O for all ky;Kko:

0

So \dotting" (6.10) with cos kt, by which is meant "multiplying both sides by coskt and integrating over [0;2 ]" we nd

Z,

F (t)coskt dt =
0

Thus, the "dotting" operation eliminates all other coe cie nts as required.
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So the formulae for the Fourier coe cients are.

172
ax = — F (t) coskt dt (k> 0)
0
1 2
bk = — F (t)sinkt dt (k> 0)
0
1 2
a = - F (t) dt

0

provided all the above calculations and the interchange of integratbn and summation can be justi ed and issues of convergence ewome!
Fourier series and their convergence will be dealt with in d&il in next term's Fourier Series course.

Example 98 Find the Fourier coe cients of
f(xX)=x; x2][0;2 ]

Consider the Fourier series' convergence ak =0; =2; ; 3=2;2 and atx +2 compared withx.

Solution. The Fourier coe cients are

Z, x2 2
ag = — xdx = — =2 ;
Z° 20
2 1 xsinkx coskx 2
ax = — X coskx dx = — + =0;
b = EZZ Csinkqdy = L XCoskx  sinkx 22
- 0 - k k2,  k°
So the Fourier series off (x) = x is
R R
F(x)= % + (ax coskx + by sinkx) = 2 smkkx
k=1 k=1
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Consider the convergence of this series.

The rst thing to note isthat F (x +2 )= F (x) for all x becauseF is a sum of sines. So certainlyr does not agree withf everywhere.
If we look at F at x =0; ; 2 we see thatF equals at each of these points.

At x= =2 andx =3 =2 we have
1 1 1
F - = 2 1 Z+Z Z+ = 2 - =
2 3 5 7 2’
3 1 1 1 3
Pz = 2 3 5y = 2 =3
So at least the Fourier series converges correctly at = =2; ; 3=2: The in nite series
L.l
3 5 7 4

was rst proved by Leibniz.
In fact, the seriesF (x) converges tox on the interval (0;2 ). At multiples of 2 the series converges to | more generally a Fourier
series converges at multiples of 2 to the average off (0) and f (2 ); and will do similarly at any discontinuity in the interval (0 ;2 ).

The graph of F (x) is below:
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Example 99 By considering the Fourier series ofx at =4 nd the sum of the in nite series

1 1 1 1 1 1 1
S=1+ - - Z+ -+ = — —+
3 5 7 9 11 13 15

Solution. If we put x = =4 into F (x) we get

6.4 Poisson's Equation

Poisson's equationis the inhomogeneous Laplace equation
2% — 4
r“f = g:

It commonly appears in gravitational theory: Laplace's equation r 2 = 0 dictates how the gravitational potential behaves in the absence of
any matter, but, more generally, when there is matter presen, distributed with density function  (X;y;z); then Poisson's equation

r2 = 4G

describes the potential's behaviour. Poisson's equation aurs in numerous other physical scenarios, such as elecstatics in the presence of
charge distributions.

Whilst we will not be speci cally interested in gravity, ele ctrostatics or other physical applications in this course, solving Poisson's equation
raises the same issues that will again appear in later course

86 PARTIAL DIFFERENTIAL EQUATIONS



Example 100 Find the circularly symmetric solutions of Poisson's equaion in the plane r %f = g where

r forr<a

g(r) = 0 forr>a

Solution. Recall that the Laplacian is given by

_ @t lef, 16t

T @ r@r r2@2

in planar polar co-ordinates. We are only interested in circuarly symmetric functions of the form f (r); so forr <a we need to solve

fO9)+r ¥ Oo%r)=r

r 2f

If we solve the equation similarly in the regionr > a then we nd

There are several things to note though. Firstly if this function is to be de ned at r = 0 it must be the case that A = 0: But also there are
issues of continuity and smoothness at the = a border. For our solution f to be continuous atr = a we need

a9+ B =Clna+D
and for it to be smooth at r = a (that is d f=dr agrees on both sides of = a) we needa?=3 = C=a: Hence
A=0; C = a’=3; D= a’=9 (1 3Ina)+ B:

So the most general circularly symmetric solution of this Passon equation is

(
f(r)=

§+B forr 6 a;
%Inr+ %(1 3lna)+ B forr > a:

To specify the solution uniquely then we might, for example,require a further condition such asf (0) = 0 which would give B =0. m
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6.5 The Wave Equation

Derivation We will consider the vibrations of an elastic uniform string under certain simplifying assumptions:-

the string undergoes small vibrations: by this we mean that gcond order terms, such ag/?, y2; 2 and 2 in the analysis below will be
considered to be negligible;

the vibrations are entirely transverse so that a point at distance xg along the string remains on the linex = xg throughout the motion;
the string is at constant tension T and the density of the string is uniformly ;

the e ects of gravity and air resistance are negligible compred with the tension in the string.

Consider the vibrations of a small section of the string fromx to x + x. We shall denote the angles the string makes with horizontalt x and
X+ X by j1and ; respectively, as shown in the diagram below.

I. Taking components of the forces in they-direction and invoking Newton's second law (Force = Mass Acceleration) we get

where Xq is the x-co-ordinate of the centre of mass of the segment, x is the segment's mass andy its vertical acceleration. Note that Xg
will lie between x and x + x as the entirety of the segment of string lies in this range.

There is no gravity term as the weight of the string is consideed negligible compared with the tension involved.
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Il At the level of approximation we are considering (i.e. negleting second order terms), we have

+ 1l

Olro
+
w‘»—\w

sin 1 = 1 1 tan 1= 1+

and similarly for . Hence at the level of approximation we are considering

tan » Xtan 1 ng (Xo:1)
[l Now
tan 1 = @y(X't);
tan o = g){(x+ X;t) =

where the nal expression can be derived by a Taylor expansio (assumingyxx is continuous and di erentiable; see other courses this yeafor
details of Taylor expansions). Thus

@y @y _
2 (1) Tat (Xo;t) = O( x):
Letting x tend to 0, whereuponxg ! X, yields
@y _ @y
F (0= £ gg (0

Note that =T has units (kg/m)/(kgms 2) = (s/m) 2 so that c = P T= has the units of velocity. The wave-equation then reads

@y _ @y.
cz@% ot
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Proposition 101  (D'Alembert 1746) The general solution of the wave equation

@y _ oGy

@ @3
y(x;t)y=f (x ct)+ g(x+ ct):

Proof. We introduce two new variables
=x ¢t and = x+ ct

Then by Theorem 29, that is the chain rule, we have

Y xtyY xxty (x)2+2y x xtYy (x)2

Yxx =
=y 0+y 0+y (@%+2y 1 1+y (1)?
=y +2y +y
and
Ye = Y ¢ty uty (t)2+2y ttty (t)2

y O0+y 0+y (0°+2y (¢ c+y (0°
Ay 2y +y )

Hence yyx = Yy if
Gy +2y +y )=y 2y +y)

so thaty =0: We know, from Example 12(i), that the general solution of ths is

y=f()+g()="1(x c+g(x+ct:
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Remark 102 Consider a solution of the formy (x;t) = f (x ct), with g=0. Note that this solution at time t + T resembles the solution at
time t, but translated to the right by cT: This is a wave moving to the right with speea and likewise a wave of the forng(x + ct) is one which
is moving to the left at speedc.

Example 103 Find the solution to the wave equation when

. 1ijxj 1l<x< 1 (@)
y(x0) = 0 otherwise ' @t(x’ 0)=0:
Sketch your solutions atct = 0; %; 1 %:
Solution.  We know that the solution has the form y (x;t) = f (x ct)+ g(x + ct) and so the initial conditions give that

1jxj 1<x< I
f(x)+9g(x) = Jo J otherwise

cf O(x) + cd®(x) 0:

Integrating the second equation we see thaf (x) = g(x) + K whereK is a constant. We can, without any loss of generality takeK to be 0.
[Keeping K in the calculation would yield to the same solution with slightly dierent f and g.] Sof = g and we have

y(x;t)y=f (x ct)+ f (x+ ct)

where
3@ ju) 1<u<

)= 0 otherwise.
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Sketches of the solution at di erent t are given below.
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Example 104 Find all the separable solutions
y(x;t)= X (X)T (1) (6.11)

of the wave equationyy = c?yy, which satis es the boundary conditions
y(O;t) = y(L;t)=0 forall t
Solution.  Substituting y (x;t) = X (x) T (1) into Equation (6.11) we get

X Mx) _ TN

X ()TN = X M) T (1) =) X ) 2T

= Kk (constant).

We then have
X (x) =

depending on the sign ofk.

As in Example 95 the only one of these solutions which can medhe boundary conditions X (0) = X (L) = 0 without being everywhere zero is
the third of these.

For p___ P
X (t) = E cos kx + F sin kx

to satisfy X (0) = 0 then we must have E = 0.
In order to X (L) = 0 without having F =0 it must be the case that

P—k:

for some integern. So the separable solutions are of the form

.n n ct . nct
y(x;t)= X (X)T (t) =sin TX n COS i + nsin i
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Remark 105 The solutions of the form

.. nx . nct
x;t)= Asin —— sSin ——
y (Xt) 3 1

are known as thenatural or normal modes ; whenn = 1 this is known as thefundamental mode . The quantities n c=L are called the
natural frequencies of the string.

Remark 106 Using Fourier analysis as in Section 6.3 it is possible to wrié down any solution of the wave equation with these boundary
conditions in terms of the separable solutions. To specify niquely the solution initial conditions describing y (x; 0) and y; (x; 0) can also be
given.

Example 107 A string with displacementy (x;t) ; wherea 6 x 6 b, is xed at each end so thaty (a;t) = 0= y(b;t) for all time t. Show that
the string's energy

z,(

_ 1
E (t) - . ET @X

is constant throughout the motion. The rst term of the energy formula is the tensile energy and the second term represesthe string's kinetic
energy.

Solution. To show E is constant, we will di erentiate it and make use of the wave equation

T
Yit = —Yxx
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to get

HenceE (t) is constant. m

THE WAVE EQUATION

E°(t)

zb(1

d
dt 4
Z

a @t
Zb

(T yxyxt + YiYyu) dx

a

Zy

(Tyxyxt + Tyryxx) dx

aZb

a

T (yx (b; ) yt (b 1)

2
b
@ 1
2

@y*®,
@x
@y*®,
@x

T Do o
yx (a;t) v (a;t)) =0

NI - NI

@y

— dx

@t
@y

— dx

@t

[by the wave equation]
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6.6 The Heat Equation

We will consider here the problem of modelling heat ow in a ore-dimensional uniform bar. If two nearby points on the rod, searately by a
small distance ; are at temperaturesT, on the left and T, on the right; then the heat ow from left to right between these points is proportional
to the temperature di erence and inversely proportional to the distance. That is

o T, T
Amount of heat per unit time = L 2 (6.12)

where the constant of proportionality is called the thermal conductivity and which (we assume) degnds only on the material that makes up
the rod. Equation (6.12) is Fourier's law of heat conduction. Note that this heat is \signed" in the sense that it is negative if T, > T1 and
the heat is actually owing from right to left.

Consider a small section of the rod betweenx = xg and x = Xg+ Xx: We'll consider the ux of heat into this section. The rate of heat transfer
from left-to-right past the point x = X equals

T(xo =2it) T(xo+ =2) _

. @T |
hzmok k@x(xo.t)

and similarly the rate at which heat ows from left to right pa st the point x = Xg+ X equals
@T

— (Xo+ X;t)

@x
so that the amount of heat entering the section, in a short time t equals

QT(XoJf Xt) QI(Xo;t) t

@x @
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Now the average change of temperatureT in the small section of the rod is proportional to the amount of heat introduced (given above) and
inversely proportional to the mass x of the section. The constant of proportionality is ¢ 1 where c is called the speci ¢ heat of the material.
Hence

If we rearrange this to

T _ @T . @T ]
T ¢ @X(XO"' X;t) @X(Xo,t) X
and let x and t tend to zero then we nd @t &7
@t ¢ @f 6.13)

Equation (6.13) is known as theheat equation or di usion equation . The constant =c is often written as 2 and is called thethermal
diusivity of the rod so that the heat equation reads

@T_ 0@t
@t @
More generally, in three dimensions, the heat equation reasl
-
@r_ 2r 27
@t
Note that the steady-state solutions of the heat equation, ie. those solutions that don't depend on time, are the solutims of Laplace's equation
2+ - Q-
r <T =0:

When modelling the heat ow in such a rod 06 x 6 L there are two natural boundary conditions which might arise.
An end of the rod may be kept at a particular temperature. For example we might have

T(L;t) = To for all t.
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An end of the rod may be insulated so that no heat is lost throudn that end. For example, if the end at x = 0 were insulated it would
mean

@T ..\ _ :
@X(O,t)—o for all t:

Consider the example below. To solve it completely we will hge to calculate the separable solutions of the heat equatiomand calculate another
Fourier series.

Example 108 The temperature T inarod 06 x 6 L is initially To: The ends of the rod are kept at temperaturel = 0; that is for all t we
have
T@O;t)= T(L;t)=0: (6.14)

Determine the temperatureT (x;t) in the rod at time t and at position X.
Solution.  We begin by determining the separable solutions to the heat guation that satisfy the boundary conditions (6.14). If we substitute
T(t)= A(x)B(t)

into the heat equation
@T_ @7
@t  @%
we nd
A(x)Bo(t)= *A%x)B (1)
and separating the variables we get
A%x) _ BOt)
A(x) 2B

as only constants are functions ofx alone and also oft alone. So we have, depending on the sign &f

= k (constant),

A(x)=f
As we have seen before, it is only the third of these, whek < 0 that yields any non-zero solutions meeting the boundary coditions
A@©)= A(L)=0:
In this case we have solutions of the form

_ . nx
A(x)= Qsin -~
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where P ~ k= n=L: Substituting this back into the equation

BO(t) = k 2B (t)

we get separable solutions of the form
e . nx n? 2 2t
T (x;t) = Qpsin T exp 1z
A general solution of the heat equation, satisfying the boumary conditions (6.14) is of the form

R nx n® 2 2
T(xt) = Qn sin -+ exp 1z

n=1

If this is solution is going to meet the initial condition that T (x; 0) = T in the rod then we must have

X n x
To = Qn sin I (6.15)
n=1
Recall that a crucial idea behind Fourier analysis is that
Z L .
sin n x sin m X dx = 0 ifné m;
0 L L =2 ifn=m;

though our earlier examples in Section 6.3 we on an interval folength 2 rather than the more generalL here. Hence

Z .
Qn = 2o Lsin nx dx—ZT0 Lhcos EIL
"L, L L n L o
_ 2o n _ o if nis odd;
= 5 OO 1g= 0 ifnis even.

Hence

4To R Lo nx n2 2 2
L P2

n odd

Notice that T (x;t) tends to O ast tends to 1 at all points of the rod. m

T(xt) =

(6.16)
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Figure 6-1 The Fourier Series used fog in example solution (6.6) above.

Remark 109 Note that the Fourier Series 2

. nx
Qnsin ——
L
n=1
cannot be equal toTo whenx =0 or x = L. This Fourier series in fact converges to the function depited in Figure 6-1. Analogously to example
(98) previously, the Fourier series in not continuous. At x = 0 it converges to the mean of the limits on approaching« = 0 from below and
from above, and similarly for other discontinuities. Being VERY careful with the calculation of limits for the expression (6.16) one nds

To = I)HnmllmoT(x;t) 6 It|!mo)l<|!moT(x;t) =0

and such complicated behaviour must be expected given thetiad conditions are not consistent with the boundary condtions for the above
example.
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Example 110 Suppose now that the temperatures of the ends of the rod are m&ined so that

T@O;t)= Ty and T (L;t)= Ty:

We cannot immediately use separation of variables, becaussur boundary conditions are no longer homogenous. If we havevo solutions which
satisfy the heat equation and the above boundary conditionssay Ta and Tg we do NOT have their sum also satis es the boundary conditiors
as, for example,

Thus, we cannot nd separable solutions and sum them to nd a general solution whose summation coe cients can then be nedtune to satisfy
the initial conditions.

In direct analogy to di erential equations, we can treat thi s as an inhomogeneous version of the previous problem and jusok for a particular
solution that satis es the equation and conditions. One might rst consider the steady-state solution that does this as it is easy to nd ...

The steady-state heat equation just reads, in this one-dimerisnal case as
T%) =0

which has solutions
T (x)= AX + B:

Of these the one that meets the boundary conditions is

So if we let

then U (x;t) satis es the heat equation, the boundary condition

Uu@;t)= U(L;t)=0
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and the initial condition

U (x;0) =

Utilising Fourier Analysis as in the previous example this problem is now tractable.

6.7 Epilogue

We nish with an aspect of partial derivatives which we have not met previously. The example below is meant as an extremelyprief introduction
to maximising and minimising functions of many variables which will be gone into in detail later this year.

For the moment let us consider some aspects of one-variable @ma problems. If we are looking to maximise or minimise a derentiable
function f (x) on an interval [a; b then the maxima and minima may arise in one of two ways:

at internal extrema | this is when the function takes its maximum or minim um at a point in (a;b) and in this casef °(x) = 0 at such a
point;

at external extrema | this is when the function takes its maximum or minim um at either x = a or x = b and it need no longer be the
case thatf °(x) = 0:

By way of example consider the function
f (x)=cosx forl16 x6 4

It is clear, from the graph below, that the function takes its maximum (in this interval) at x = =2 which is an internal maximum, and takes
its minimum at x = 4 which is an external maximum.

There are various ways to approach the problem below, incluihg purely geometric ones, but we will treat this as an extrenum problem of a
two variable problem.
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Example 111 Given a triangle with anglesA; B; C, none of which is obtuse, show that

- (-
2< sinA+sinB +sinC 6 T:
Solution. At rst glance this may seem like a three variable problem but of courseA+ B+ C = and so in fact all possibilities are determined

by A and B alone. Now (A; B) cannot take all possible values in the plane; rather it mustbe the case that

O0<A< — 0<B< —
2 2

and asC = A B is also not obtuse it follows that
—<A+B<:
2
These three inequalities mean that we only need to treat thos triangles (A; B) which lie in the interior of
n 0

R= (A/B):06 AB6 ;6A+B6

which is a triangular region of the AB -plane sketched in the diagram below.

Thus we consider the function
f (A;B)=sin A +sin B +sin( A B)=sin A+sinB +sin(A+ B)

in the region R.
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Internal Extrema: We need to nd the critical points (if any) and thus require @f=@A @f=@B 0. Given

@f
— = cosA+cos(A+B)=0;
oA (A+B)
@f
— = cosB+cos(A+B)=0:
OB (A+B)
we have
CosA =cosB = cos(A + B) =cos( A B)
and thus that A= B = A B for the allowed values ofA;B .
It is a straightforward matter to calculate faa, fgg, faz When A = B = =3, and thug to show that this critical point is a maximum.

I-Ignce there is a maximum when the triangle is equilateral ad for such trianglesf =3 3=2. Given this is the only internal extremum,
3=2 is the maximum value that f can take within the interior of R.

External Extrema: instead of, as in the one-variable case, having two endpointto check, our boundary now comprises three sides of a
triangle. These are given by:

A = =2 06 B6 =2
B = =2 06 A6 =2;
A+B = =2 06 A)B 6 =2
We will treat the rst side and set A = =2: Then
- = in — +si +Si — +
f 2,B sm2 sin B +sin > B

1+sFi)n B +cosB
1+ 2cos B -
4

We can see then that, asB varies gver [Q = 2] then f is minimal at B =0 and =2 at which points f =2 and has a maximum of 1 + P 2
on this side (and this is less than 3 3=2). Note that when A= =2 andB =0 or =2 we don't really have a triangle, in the normal sense
of the word | rather we have two parallel lines which meet at in nity.

If we now wished we could deal with the remaining two sides siitarly, but it is easier to note that they will be the same by th e symmetry
of the situation | having a right angle at A will result in the same triangles as having a right angle atB or C.

PARTIAL DIFFERENTIAL EQUATIONS



So nally we have our maximum and minimum for f , and noting that the minimum is not actually achieved by a proper triangle we have
P
2<sinA+sinB +sinC 6 e

for any triangle with no obtuse angles.
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