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[Monday 15 January 2007]

Numbering system: I don’t use numbering system in my lectures. But I may quote a
statement via the numbering system in the lecture notes. Thus, Theorem 1.43 refers to
Theorem 1.43 on page 14, Lecture Notes.

Some notations.

C: set of all complex numbers — the complex plane;

R: set of real numbers — the real line; R C C.

e (Q: rational numbers, Q C R .

V. “for all”, “for every one”, “whenever”

3 : “there exist(s)”, “there is (are)”,

iff stands for “if and only if”

If 2 = x + iy is a complex number, then its |z| = y/22 + y? is called the absolute value of
z (also called the modulus of z).






Chapter 1

Function Limits and Continuity

1.1 Function Limits

Sequence limits and completeness Recall the definition of limits for sequences from
Michaelmas term.

Definition 1.1 1) A sequence {z,} of real (or complex) numbers has limit I, denoted by
Zn — L oorlim, o 2, =1, if V e > 0, 3 a positive [integer] number N s. t. |z, — 1] <& (V
n> N).

2) A sequence {z,} of (real or complex) numbers converges if it has a limit [.

3) {zn} is called a Cauchy sequence if ¥V e > 0 3 a positive number [integer] N s. t.

|20 — zm| <& whenever n,m > N.

Remark 1.2 V means “for every”; “whenever”; “for all”. 3 means “there exist(s)”;
“there is (are)”.

s. t. is the abbreviation of “such that”, “iff” stands for “if and only if” and “resp.” for
“respectively”.

Remark 1.3 According to Definition 1), a sequence {z,} does not converge tol [i.e. either
{zn} diverges or z, — a # 1], iff 3 e >0, s.t. ¥ natural number k, 3 [at least one] ny > k
s. T.

|zn, — 1] > €.

To formulate a contrapositive proposition: Replace V by 3, and d by V, and negate
the statement.

Theorem 1.4 (Cauchy’s Criterion, The General Principle for Convergence)
A sequence {z,} of real (or complex) numbers converges iff it is a Cauchy sequence.

In this sense, we say that the real line R [the blackboard bold letter R denotes the set of
all real numbers| and the complex plane C [the set of all complex numbers| are complete
metric spaces.



Remark 1.5 According to Cauchy’s criterion, {z,} diverges [i.e. has no finite limit], iff
de >0, s.t. V natural number k, 3 [at least] two integers ny,, ng, >k s. t.

| >c.

|an1 — Zny,

Compactness The following theorem demonstrates the ”compactness” of a bounded
subset.

Theorem 1.6 (Bolzano- Weierstrass’ Theorem) Any bounded sequence in R (or in
C) has a subsequence which converges to a point in R (in C).

The proofs of theorems about continuous functions we are going to prove in this course
rely on the following

Corollary 1.7 A bounded sequence {z,} in R (or in C) converges to a limit 1 iff all
convergent subsequences of {z,} have the same limit .

Proof. (= “only if ” part: Necessity) Proved in Analysis I: any subsequence of a con-

vergent sequence tends to the same limit.

(<= “if” part: Sufficiency) Argue by contradiction [If you can not prove a statement di-
rectly, then formulate the contrapositive, and prove it is wrong]. Suppose {z,} is diver-
gent. Since {z,} is bounded, 3 a subsequence {z,, } converging to some limit {; [Bolzano-
Weierstrass” Theorem|. Let {y,} = {z,} \ {2, }. If {yn} didn’t converge to [; [otherwise
z, — li: Exercise]. Therefore, 3 ¢y > 0 s.t. V integer j 3 a natural number n; > j

|yn]~ - ll’ Z €o -
[The contrapositive to that y, — l1]. Since {y,,} is bounded, by Bolzano-Weierstrass’

Theorem, 3 a convergent subsequence {z,, } of {y,,}: limz, =Ils. Since

|Z,k—l1|250 Vk

n

so that
lim |Z;k —l1| = |l2 —l1| >e0>0.
k—o0

Therefore I} # Iy, and we thus have found two subsequences of {z,} which converge to
distinct limits. m

Limit points

Definition 1.8 Let E C R (resp. C). p € R (resp. C) is called a limit point (or an
accumulation point, a cluster point ) of E, if V € > 0, there is at least one point z € E
other then p such that

0<)lz—pl<e

A point which is not a limit point of E is called an isolated point of E.

Proposition 1.9 p € R is a limit point of an interval [a,b] ( (a,b], [a,b) or (a,b)) iff
p € [a,b].

[Exercise]



Functions

A real (resp. complex)-valued function f on £ C R (or C) is a correspondence which
assigns each x in E to a unique real (resp. complex) number f(z). E is called the domain

of f.

Example 1.10 f(z) = V1 — 22 with domain E = [—1,1]. What is its graph? Its graph
looks continuous.

Example 1.11 Consider function f on E = (0,1]

f) = ¢ Wz=gad(pg=1,
0, if x is irrational

Can’t sketch its graph. [Try with Maple].

Example 1.12 f(z) = zsin L with domain R\{0}. As x tends to 0, f oscillates but goes

to 0. f has limit 0 as x goes to 0.

Definition 1.13 Let ECR (orC), and f : E — R (or C) a real (or complez) function.
Let p be a limit point of E [p is not necessary in E] and | be a number. IfV e >0 3 a
number 6 > 0 [which may depend on p and €] s. t.

|f(z) =1 <e whenever x € E such that 0 < |z —p| <
then we say f tends to l as x goes to p [in E], written as

lim f(x) =1

r—p

or f(x) =1 asx — p [in E].

[Wednesday 17 January, 2007]
Recall the definition of function limits.

Definition. Let f: E — R (or C) where FE is a subset of R (or C), and p is a limit point
of E. Then f(x) — l as x — p, if Ve > 0 30 > 0 such that

|f(x) — 1| <e Vxée Esuchthat 0 <|z—p| <d.
[Do a sketch to demonstrate the meaning].

Example 1.14 Let f(x) = |z|*sin+ for x # 0 where a > 0 is a constant. [E = R\{0}].
Show that f(x) — 0 as z — 0.

Since |z sin 2| < |z| for any « # 0. Therefore, V & > 0, choose § = £!/*. Then

1
xasin——O‘ <l|x|*<e
T

whenever 0 < |z — 0] < . According to definition, |z|*sin< — 0 as z — 0.



Remark 1.15 f doesn’t converge tol asx — p [i.e. either f has no limit or f(x) — a # 1
asx — pf, then 3 >0, s.t. V6 >0,3Fx € E such that 0 < |z —p| < but |f(z)—1] > €.
[Not show in the lecture].

Proposition 1.16 Let f: E — R (or C) and p be a limit point of E. If f has a limit as
x — p, then the limit is unique.

Suppose f(z) — [y and also f(x) — [y as x — p, where l; # [y, then %|l1 —l3] > 0. By
definition, there is 6; > 0 such that

1
|f(z) — 1] < §|l1 — ly| whenever z € E such that 0 < |z —p| < 6; .
Similarly, 36, > 0 s.t.
1
|f(z) — o] < §|l1 —ly]  whenever x € E such that 0 < |z —p| < Js .

Let 0 = 61 A do. Since p is a limit point of E, there is at least xqg € E such that 0 <

|z — p| < 9. However
|l1 — 15 |[f(z) =1, — (f(z) —l2)| [+1 and -1 technique]

\f(x) = U]+ |f(z) — L] [Triangle Ineq.]

1 1

§|l1 — l2| + 5”1 — l2|

= |l — I

IN

A\

a contradiction.

Theorem 1.17 Let f: E — R (or C) where E C R (or C), p be a limit point of E and
l € C. Thenlim, ., f(x) =1 iff V sequence {p,} in E s. t. p, # p and lim,_.. p, — p we
have

lim f(pn) =1.
lim, ., f(xz) =1iff f tends to the same limit [ along any sequence in E going to p.]
— “only if part. Suppose lim, ., f(z) =1. Then Ve >0,35>0s. t.
|f(z) =1 <e VeeEst. 0<|r—p|<90.

Now suppose {p,} is a sequence in E, p, — p and p,, # p. Then 3 a natural number N s.
t.
lpn —p| <0 Vn>N.

Since p, # p, so that
lf(pn) =1 <€ Vn>N.

Hence, lim, o f(pn) = (.
[<= “if” part] Argue by contradiction. Suppose lim,_,, f(z) = [ is not true, then Je > 0,
s. t. Vo = 1/n, 3 at least one point z,, € F, 0 < |z,, — p| < 1/n but

|[f(zn) =1 = €0 -

Therefore we have found a sequence {x, } which converges to p but {f (z,)} does not tend
to [. Contradiction. m



Proposition 1.18 [Algebra of limits] Let p be a limit point of E, and f, g be two real (or
complex) functions on E. Suppose lim,_., f(z) = A and lim,_., g(z) = B. Then

Corollary 1.19 1) lim,,, (f(z) £ g(z)) = A+ B;
2) lim,_,, (f(x)g(z)) = AB ;
3)if B # 0,

fo) A

lim —= = —

e—p g(z) B

[Follows the previous theorem and the algebra of limits for sequences. Question in the
problem sheet].

Example 1.20 Show that lim,_, sin% doesn’t exist.

1

L Then both sequences x,, and y, tend to 0, but

Indeed, let 2, = - and y,, =

lim sin — =0
n—oo Ty
and
lim sin —=1.
n—oo yn

So lim,_.q sin% cannot exist [Theorem 1.17].

Example 1.21 [flim,_, f(x) =1 # 0, then there is a positive number § > 0 such that

U

|f(x)|2§ Vee E st 0<|z—p|<0.

In particular, |f(z)| >0 for allz € E s.t. 0< |z —p| <0.

Since lim,_,, f(z) = [ and || > 0, there is a number § > 0 such that

l
‘f($)—l]<5’ whenever z € F, 0 < |z —p| <0 .

By the Triangle Ineq.

= (f(x) = D)
1] =1 (z) = 1]

/()]

v

V

for any = € E such that 0 < |z — p| < 4.
[Monday 22 January, 2007]



1.2 Continuity of functions

In the definition of lim,_., f(x), the point p may not belong to the domain E of f. Even
f(p) is well-defined, the limit of f at p may have nothing to do with f(p).

Definition 1.22 Let f : E — R (or C), where E C R (or C), and p € E [ p belongs to
the domain of f]. IfVe>0306 >0 s. t.

|[f(x)— f(p)| <e Vre€FE st |v—pl <9,
then we say that f is continuous at p.

f is continuous at any isolated point of E.
If p is a limit point of E, then f is continuous at p, if and only if

1. p belongs to the domain of f, i.e. f(p) is well-defined;
2. lim,_,, f(x) exists;
3. and lim,_,, f(x) equals the value of f at p.

1

Example 1.23 Let a > 0 be a constant. The function f(x) = |x|%sin — not continuous at

x =0 as [ is not well-defined. Let

B |x|asin%, ifx #£0;
g(”’")_{ 0, ifr =0

18 continuous at x = 0.

Example 1.24 Let f: (0,1] — R defined by

g , if ngand(p,q)zl,
, if x is wrrational.

Then f is continuous at irrationals of (0, 1], not continuous at rationales. [Question 1,
Problem Sheet 2].

Suppose xy € (0,1) is an irrational number, so that f(zg) = 0. Then for any £ > 0,

0 if x is irrational,
é; if ngand(p,q)zl.

(@) — Flao)| < {

While, there are only finite many pair of positive integers p and ¢ such that p < ¢ and

qgé. Let
5:min{

1
xo—]—)':pgqandqg—}>0
q €

Then,
|f(x) = flzo)| <e



for any = such that |z — x| < 6. Thus f is continuous at x.
If xg = § € (0,1] is a rational number, then, for ¢ = 2% > 0 and for whatever how small
6 > 0, there is a irrational number z € (0, 1] such that |z — £| <4 and

p
|f(@) = f(zo)| = s
f is not continuous at rational numbers.

Proposition 1.25 If f and g are continuous at p, then so are f+g; fg and f/g (provided
9(p) #0).

[Definition + Algebra of function limits].

Theorem 1.26 If f: F — C and g: f(E) — C, then define h : E — C by

hz) = (9o f)(z) = g(f(z)) forx e E.

If f is continuous at p € E and g is continuous at f(p), then h is continuous at p.

[Composition of two continuous functions is continuous.| [Definition + Question 2, Problem
Sheet 1].
Proof. For any ¢ > 0, since ¢ is continuous at f(p), there is a number ¢; > 0 such that

l9(y) —9(f(p))| <& Vye f(E)st. |y— f(p) <o

That is
l9(f(z)) —g(f(p))| <& Vz e Est. [f(z)— f(p)] <

However, f is continuous at p, 34 6 > 0 such that
|f(z) = f(p)|<é1 Ve Est |[x—pl <d.

Hence
lg(f(z)) —g(f(p)) <e VzxeEst |t—p/<d

so that A is continuous at p. m

Example 1.27 Let f: C — C (or R — R) be a polynomial. Then f is continuous in C
(or R).
1.3 Continuous functions on bounded intervals

In this part we are going to establish several important theorems about continuous func-
tions on bounded intervals.



1.3.1 Uniform Continuity

Let’s look at two examples.

Example 1.28 Show that for every xy # 0, liqumoi = %, and thus % 15 continuous at

any T # xg.

Since
1 1

T i

B |z — x|

]

thus, if |z — zo| < @ [so we should choose ¢ smaller then @], then

|20l

|x| > |zo| — | — mo| > > [Triangle inequality]
and therefore
1 1 |z — x0] 2
—— = < 5|z — o .
T To || |zo] | o

1_ 1 |zo] ]
T x0 :

[Thus in order to ensure ‘ ‘ < & we only need ﬁ@ — 29| < € and |r — x| < 5

Therefore, V € > 0, choose § = min {@, 6|9:20|

} [which is positive as xo # 0]. Then

1 1

i ZTo

<e€

whenever |z — zy| < 6. Hence £ — L as  — z,. Note that J not only depends on € but

x )
also on x.

Definition 1.29 Let f : E — R (or C). [ is uniformly continuous on E, if V ¢ > 0, 3
0>0s. t
1f(2) = f(z)|<e, VzeEst |z—z <6

forallx € E.

Example 1.30 Suppose that f is Lipschitz continuous in E: there is a constant M such
that

|f(x) = fW)| < M|z —y| Vr,yekl

Then f is uniformly continuous at any point x € E. For example, f(x) =+/x is Lipschitz
continuous on [1,00), so it is uniformly continuous.

Let x € E. For every € > 0, choose 6 = —*—. Then

|f(x) = f(y)]

+

M|z —y]

g
M
(M+1)<6

whenever y € E s.t. |y — x| < 0. [ 6 doesn’t depend on z. For a given £ > 0 we can find a
d that works for all x].

IN A



Theorem 1.31 If f : [a,b] — R (or C) is continuous, then f is uniformly continuous.

[A continuous function on a closed interval (a compact set) is uniformly continuous.]
Proof. Suppose that f were not uniformly continuous, then, 3 ¢ > 0, s. t. for any n [with
0= %], 3 a pair of points z,,, y, € [a,b], |z, — yn| < % but

[f(@n) = fyn)l Z € -

[contrapositive to the uniform continuity]. Since {z,} is bounded, we can extract a sub-
sequence {x,, } from {x,} which converges to some p [Bolzano-Weierstrass’ Theorem]. p
must be a limit point of [a, b], and therefore p € [a, b]. Since

1
< — 4 |xp, —p|—0
ny,

Thus z,, — p and y,, — p, so that
0 <e< lim |f(zn) = [y )| = [f(0) = F()| =0

as f is continuous at p, which is impossible. m

Remark 1.32 The bounded closed interval [a,b] can be replaced by any bounded and closed
subset of R or C, see W. Rudin’s Principles, page 91, Theorem 4.19.

Example 1.33 f(z) = /x is uniformly continuous in the unbounded interval [0, +00).

First show that y/z is continuous on [0, 1] [Exercise], thus it must be uniformly continuous
[Theorem 1.31]. On the other hand, v/ is Lipschitz continuous on [1, 00), so it is uniformly
continuous on [1, c0).

Hence Ve > 0, 96; > 0 s. t.

and 365 > 0 .
‘\/__\/@\<§ Ve,y > 1st. |z —y| <ds. (1.2)

Choose § = min{é;, s, 3}. Then, if |z —y| < 6 but z € [0,1] and y > 1. Then |z — 1| <6
and |y — 1| < d so that

Ve- il £ We-Vil+ -Vl

€+€_€
2 2

Hence we have
Ve -yl <e

whenever z, y € [0,00) such that |z — y| < §. By definition, f(z) = /2 is uniformly
continuous in the unbounded interval [0, +00).



1.3.2 Boundedness

A real (or complex) function f in F is bounded if there is non-negative constant M such
that
lf(2)| <M VzeE.

In this case we also say f is bounded by M on E, or M is a bound of f on E.
Theorem 1.34 If f: [a,b] — R (or C) is continuous, then f is bounded.

Proof. By contradiction. Suppose f were unbounded, then for any natural number n,
there is at least one point z,, € [a,b] such that |f(z,)| > n. By Bolzano-Weierstrass’
Theorem, if necessary by extracting a subsequence, we may assume that x,, — p € [a, b].
By assumption, f is continuous, so that

lim f(z,) = f(p) ,

n—oo

[Theorem 1.17], which implies that lim, . |f(x,)| = |f(p)|, so that {f(x,)} is a bounded
sequence [from Analysis I: convergent sequences are bounded], which is a contradiction to
the fact that |f(x,)| > n for every n. Therefore f must be bounded. m

If f: EF — Risa bounded, real-valued function on E, then we use

sup f(z) and inf f(x)
2€E zeE
to denote the least upper bound and the greatest lower bound, and called the supremum
and the infimum of f on F, respectively. [Not good for complex functions]. The existence
of the least and the greatest bounds for a bounded real function f is guaranteed by the
completeness of the real number system.

By definition, M = sup,.p f(z) if and only if f(z) < M [so M is a upper bound on E] and
Ve >0 3z € E such that f(z.) > M — ¢ [that is, any real which is smaller then M can
not be a upper bound of f on E|. Similarly, m = inf,cp f(x) if and only if f(z) > m (so
m is a lower bound on E) and for every ¢ > 0 there is z. € E such that f(z.) < m+e¢
[that is, any real which is greater then m can not be a lower bound of f on FE].

Theorem 1.35 If f : [a,b] — R is continuous [not good for complex functions/, then f
achieves its supremum and infimum. That is, there are [at least] two points x1 and x5 in
la,b] such that

f(z1) = sup f(z) and f(z2)= inf f(x)

x€|a,b] z€[a,b]

respectively.

[sup and inf are attained. x1, x5 may be not unique. “A continuous function on a closed
bounded interval is bounded and attains its bounds” .|
Proof. (1st Proof) f is bounded [Theorem 1.34], so that m = inf,cj. 4 f(x) exists by
the completeness of the real number system [Analysis I]. Then f(x) > m for all x € [a, b],
and Vn, 3 z,, € [a, b] such that

1



lapply the definition of infimum to ¢ = 1]. {z,} is bounded, we may thus extract a
convergent subsequence {x,, } [Bolzano-Weierstrass’ Theorem|: z,, — p. Then p € [a, b
[CLOSED interval]. Since f is continuous at p, lim,_,, f(z) = f(p), so that thus f(z,,) —
f(p) [Theorem 1.17]. While

< f(tn) <+ — (1.3)
g

for all k. Letting & — oo in equation (1.3) we obtain

m < lim f(x,,) = f(p) gklirn (m+i> =m

k—oo —00 Nk

so that f(p) =m = inf,cay f(2).
(2nd Proof) [By contradiction| Let us prove that the supremum of f is attained by
contradiction. Suppose

f(z) < sup f(x) Vz € [a,b] .

z€[a,b]
Consider function g on [a, b] defined by
B 1
M — f(z)

which is positive and continuous on [a,b]. Therefore g is bounded (by Theorem 1.34) on
la, b], say with bound Mj:

g()

1

VN

g9(z)

It follows thus 1
<M-—<M
Flo) <M - 51
which is a contradiction. m

Remark 1.36 In the proofs of Theorem 3.21.31, 1.34 and 1.35, we have only used the
following facts:

1) [a,b] is bounded;

2) [a,b] is closed (i.e. [a,b] contains all limit points of |a, b];

3) f is continuous.

Definition 1.37 A subset A of R (or C) is bounded if there is a constant M, such that
|z| < M for allxz € A. A is closed if A contains all its limit points. A bounded and closed
set in R (or in C) is called a compact set in R (or C).

With this definition and the previous remark we may reformulate what we have proven as
the following

Theorem 1.38 1) [Theorem 1.31 and 1.34] If f is a continuous real or complex function
i a compact set E, then [ is bounded and uniformly continuous in E.

2) [Theorem 1.35] If [ is a continuous real-valued function in a compact set E, then f
attains its bounds, i.e. 3 x1, x9 € E such that

f(z1) = inf f(x) and f(z2) = sup f(z) .

zel 2€E



Theorem 1.39 (The Intermediate Value Theorem (IVT)). Let f : [a,b] — R
be continuous, and let ¢ be a number between f(a) and f(b). Then there is at least one

¢ € la,b] such that f(&) = c.

[One of the most important theorems in this course.]
Proof. By considering — f instead of f if necessary, we may assume that f(a) < ¢ < f(b)

[the case that ¢ = f(a) or ¢ = f(b) is trivial]. Let g(z) = f(z) — ¢. Then g(a) < 0 < g(b).
Let 2y = a and y; = b. Divide the interval [z, y;] into two equal parts. If g(3(z1+y1)) = 0
then & = %(xl + y1) will do. Otherwise, we choose x5 = x; and y, = (%(xl + yy) if
g(5(z1+31)) > 0, or @3 = §(z1+y1) and yo =y if g(5(21+y1)) < 0. Then g(22)g(y2) < 0;
[z2,y2] C [#1, 1] and .

Yo — 2| :i(b—a) :

Apply the previous argument to [xq, yo| instead of [a, b], we then find [z3,y3] C [x2, yal;

1
|y3 - $3| = §|y2 - $2|

and g(z3)g(ys) < 0. By repeating the same procedure, we thus find two sequences z,,, Yy,
such that

1) either g(z,) =0 (or g(yn) = 0), or g(zn)g(yn) < 0;

2) [Tns1, Ynt1] C [Tn,yn) for any n = 1,2,--- . That is {[z,, yn]} is a net of closed intervals
which becomes finer and finer;

3) since each time we break the previous interval [z,,y,] into two equal parts to obtain

[xn+17 yn+1]7

n Tn n— Tp—
Y 9 Yn—1 1

1

b—a
on—1 :

Obviously, {z,} is a bounded increasing sequence, and {y,} is a bounded decreasing se-
quence, and thus z,, — £ and y,, — £ for some &, & € [a, b] [Analysis I: bounded monotone
sequences converge|. Since

(b_a):O7

lim |y, — z,| = n11_{{)10 —

n—oo

so that £ = ¢’. Since g is continuous at &, so that
0> lim g(z,)g(yn) = lim g(x) lim g(yn) = g(&)* .
Hence g(£)? = 0 so that g(§) = 0 [As g(£) is a real number]. That is, f(§) =c. =

Remark 1.40 The above proof of the IVT also provides a method of finding roots to
f(&) = ¢, but other methods may find roots faster if additional information about f (e.g.
that f is differentiable) is available.



Remark 1.41 From the proof we can see that, if [x,,y,] is a decreasing net of closed
intervals (i.e. [Ty, yn] C [Tni1,Yns1] for each n) such that the length y, — x, — 0, then
N [0, Yn] ezactly contains one point (and in particular is not empty).

Remark 1.42 The proofs of Theorem 1.31, 1.34, 1.35 and IVT rely on the compactness
of the closed interval [a,b] [Bolzano-Weierstrass’ theorem/, and the proof of IVT requires
more then that, We have indeed used the fact that |a,b] is unbroken. That is, we have
used the fact that [a,b] is “connected”. For details about “connectedness”, see W. Rudin’s
Principles, page 93, Theorem 4.22 and Theorem 4.23.

Corollary 1.43 Let f : [a,b] — R be continuous, and let M = sup,c, 4 f(x), m =
infoeap f(x). Then for any c € [m, M| there is at least one & € [a,b] such that f(§) = c.
Therefore

f(la, b)) = [m, M] .

[A continuous real-valued function maps an interval into an interval.|
Proof. By definition, m < f(z) < M for all = € [a, ], so that

f(la,b]) = {f(x): x € [a,b]} C [m, M] .

On the other hand, f attains its bounds on [a,b] [Theorem 1.35], there are (at least)
two points x1,z2 € [a,b] such that f(x;) = m and f(zy) = M. For every ¢ € [m, M],
3¢ € [21,29) C [a,b] (or [xg,x;] if 29 < x1]) such that f(§) = ¢ [apply IVT to f on the
interval [xy, z5]], hence [m, M] C f([a,b]). m

1.3.3 Monotonic Functions and Inverse Function Theorem

Theorem 1.44 Let f be a continuous real function on [a,b]. Suppose further that f is
one-to-one on [a,b] so that the inverse function f~' ewists. Then f~' is continuous on

f(la;b]).

Proof. By Corollary 1.43, f([a,b]) = [m, M], where m and M are the minimal and the
maximal values of f respectively, and thus f([a,b]) is also a bounded, closed interval.
Let y € f([a,b]), and take any sequence {y,} in f([a,b]) such that y, — y. If we can
show that f~'(y,) — f~'(y), then lim,_, f~'(2) = f*(y) [Theorem 1.17] and thus
f~! is continuous at y. Let x = f~'(y) and z, = f~'(y,). Since {z,} is bounded,
to prove that z, = f~'(y,) — = = f~'(y), we only need to show that any convergent
subsequence {x,, } of {z,} has the same limit x [Corollary 1.7]. Let limy_ o x,, = .
Then, since f is continuous at z, f(z,,) — f(&) [Theorem 1.17]. On the other hand,
f(xn,) = Yo, — y = f(z) [Corollary 1.7], so that f(z) = f(x). Since f is one-to-one,
x = &, and therefore {z,, } has [the same] limit . =

Remark 1.45 The conclusion of the above theorem is still valid if we replace [a,b] by any
compact subset of the complex plane C, see T. M. Apostol: Mathematical Analysis (2nd
Edition), Theorem 4.29 (page 83).



Definition 1.46 Let f be a real function on E C R.

1) If f(z) < f(y) (resp. f(x) > f(y)) whenever x < y and z,y € E, then we say f is
increasing (resp. decreasing) in E.

2) A function is called monotone on E if it is increasing or decreasing on E.

3) If © < y implies f(x) < f(y) (resp. f(x) > f(y)) then [ is said to be strictly increasing
(resp. strictly decreasing) on E.

[This definition requires the ordered structure of real numbers, and thus is not applied to
functions on a subset of the complex plane.]

Theorem 1.47 (Inverse Function Theorem) Let f be a strictly increasing and con-
tinuous real function on |a,b]. Then the inverse function [~ is well defined on [f(a), f(D)]
and is continuous.

Proof. In this case f(a) and f(b) are the minimum and the maximum of f respectively,
so that f([a,b]) = [f(a), f(b)] IVT: Corollary 1.43]. f is strictly monotone, so that it
is one-to-one and onto mapping from [a,b] to [f(a), f(b)], and therefore f~! exists. The
continuity of f~! follows from Theorem 1.44. m

Next we study the continuity of monotone functions. For functions defined on an interval,
we may talk about right-hand and left-hand limits, which however are special cases of our
definition for function limits.

Definition 1.48 1) Let f be a real or complex function in [a,b) and p € [a,b). Then
we say the right-hand limit of f at p exists and equals I, written as lim,_,,, f(z) =1 (or

limg, f(z) = 1), if Ve >0, 36>0s. ¢
|f(z) =1l <e Vzelab) st 0<p—z<0.

2) Let f : (a,b] — R (or C), and let p € (a,b]. Then the left-hand limit of f at p exists
and equals |, written as lim,_,,— f(x) =1, if Ve >0, 30 > 0 s. t.

|[f(z) =1l <e Vzre(ab std<z—p<d.

For simplicity, the left-hand limit (resp. the right-hand limit) is denoted by f(p—) (resp.
f(p+)). We will also use the notations
lim f(x)

T—p
T>p

to denote the right-hand limit f(p+). Similar notations apply to left-hand limits.
Obviously, lim,_., f(z) exists if and only if both the left-hand and the right-hand limits at
p exist and equal.

We say f is right (or left) continuous at p if f(p+) = f(p) (or f(p—) = f(p)) [i-e. the
right-hand (or the left-hand) limit of f at p exists and equals f(p)]. By definition, f is
continuous if and only if f(p+) = f(p—) = f(p).



Example 1.49 Consider function

I ifx>0;
f(x)_{x—l—l if e <0.
Then f(0+) =0 and f(0—) = 1. f is not continuous at 0.

Theorem 1.50 Let f : (a,b) — R be an increasing function. Then for every zo € (a,b),
the right-hand limit and the left-hand limit of [ at xo; f(xo+), f(xo—) exist. Moreover,

f(xo_d ::SUpa<z<mof($);f(x0+ﬁ ::Hﬂ}o<z<bf(x) and
flzo—) < flx) < flaot) -
The difference f(xo+) — f(xo—) is the "jump” of f at xg.

[There is a similar result for decreasing functions.]
Proof. By hypothesis,

{f(x):a <z <z}

is bounded above by f(x¢), and therefore has a least upper bound sup,_,.,, f(x), let us
denote it by A for simplicity. Then A < f(zy). We have to show that f(zo—) = A. Let
e > 0 be given. It follows from the definition of sup,.,.,, f(x), that there is a x. € (a, z()
such that

A—e< f(z.) <A.

Choose 0 = zg — z. [which is positive]. Then, = € (x.,x¢) if and only if 0 < g — z < 0,
and thus, as f is increasing

A—e< f(z.) < f(x) < A VO<axg—x <6 .
By definition f(zo—) = sup,,p, f(z). ®

Example 1.51 Let {c,} be a sequence of positive numbers such that >’ ¢, converges. Let
{z,} be an (arranged) countable subset of (a,b) [For example all rationales in (a,b)]. Con-
sider

f(z) = ch (a<x<b),

n:xrn<r
where the summation takes over those indices n for which x, < x. If there are no z, < x,
then the sum is assumed value zero. [ is increasing on (a,b), discontinuous at z,, with an

gump f(xp+) — f(zp—) = ¢n, and is continuous at every other point of (a,b). Moreover f
is a left-continuous at x,: f(x,—) = f(x,).

Exercise 1.52 Modify the definition of f in the above example so that f is right-continuous
at each x, in the sense that f(x,+) = f(,).

Theorem 1.53 If f : (a,b) — R is increasing (or decreasing function), then f is contin-
uous on (a,b) except at most countable many points.



Proof. Suppose f is continuous in (a, b). For every = € (a,b), both side-limits f(z—) and
f(xz+) exist, and

fla=) < flx) < fla+)
[Theorem 1.50]. Clearly f is continuous at z iff f(x—) = f(x+) (i.e. the open interval
(f(x—), f(x+)) is empty). If x < y are two points in (a,b), then, since f is increasing,

fla+) = inf f(2) = it f() <sup f(2) = [(y-)

y>z>x 2<y

so that we have

fla=) < flo) < fla+) < fly—) < fy) < Fly+) -

In particular,

(f(z=), fz+)) 0 (f(y=), fy+)) =0

for any  # y. For any = € (a,b) at which f is discontinuous, then (f(z—), f(z+)) is
non-empty, so that we may choose a rational number r, € (f(x—), f(z+)) [rationales are
dense in R]. r, are different for different x, so that the set of discontinuous points of f
corresponds to a subset of rationales, and thus is at most countable. m

1.4 Infinite limits and limits at infinity

There are some variations of function limits which are quite useful as well.

Definition 1.54 1) Let f be a real or complex function defined on E C R. It is said
that f(x) — 1 as v — +oo (resp. © — —o0), written as lim, . f(x) = [ (resp.
lim, o f(x) =1), if V€ >0, 3 a number N > 0 such that

|f(x) =1 <¢ Ve e E st. v >N (resp. .x < —N).

2) Let f be a real or complex function defined on E C C. Then f(z) — 1 as z — oo, if ¥
€ >0, d a number N > 0 such that

1f(z) =l <e Vze E st |z| >N .

If f is a function defined on F C R, then, lim, ., f(z) means lim, ., f(z) unless other-
wise specified [which is thus different from lim, .., f(z) considering f as a function in the
complex plane].

Exercise 1.55 1. Give definitions oflim,_,, f(z) = 400, lim,_,, f(z) = o0, lim,_,_ f(z) =
oo and etc.
2. Form a statement that f does not tend to |l as x — +0o0.

Example 1.56 Show that lim,_, . (1 + %)x =lim, . (1 + %)x exist.



Let a,, = (1 + %)n Then

(ed) = e -2 (-2
+%<1—%> (1—%).._(1_71;1)’

so that a, is increasing. Moreover

1
2l " 3l n!

1 1 1
< 2 e
- +1><2+2><3+ +(n—1)n

< 3.

1 1
0 < a,<14+1+—+—+---+

Hence {a,} is increasing and bounded, so that lim, .. a, = sup, (1 + %)n exists. This
limit is denoted by a.
If z > 0, we use [z] to denote the integer part of x. Obviously [z] > z—1 — oo as x — oc.

Since
1+ — > 1
(*x) - (*mwd)

- O*miJMHgiiﬁa

o) <o) o)

the Sandwich Rule (or called the Squeezed Lemma) [Analysis I. You should formulate a
version for function limits and prove it !| implies that

) 1\"
lim (1 + —> =a.
Tr—00 T

For negative x, we set y = —x > 0. Then

1\* 1
1+-) = (1-=
x y

1

and

[We can show that a = e where e = > >0 L],

n=0 n!



1.5 Uniform Convergence

Synopsis: Sequences and series of functions. The uniform limit of a sequence of continuous
functions is continuous. Weierstrass’s M-test for uniformly convergent series of functions.
Continuity of functions defined by power series.
Let E be a subset of R or C, and f : E — C be continuous at p € E. Then
lim f(z) = £(p) = f(lim z)
r—p T—p
that is, we may interchange the function operation f and the limiting process lim,_,,. In
many situations, we would like to understand if the order of performing two (or more)
mathematical operations is relevant or not.
Consider a sequence {f,} of functions defined on £ (C R or C). If for every = € E, the
sequence f,(x) — f(z), then we say that f, converges (to f) on E, and f is the limit
function, written lim,, . f, = f in E or f, — f on E. We are interested in the following
question: can we exchange the order of taking two limits lim,,_.., and lim,_,,:
lim lim f,(z) and lim lim f,(z) 7
T—p n—00 n—00 T—p
In particular, if all f,, are continuous at p, is the limit function lim,,_.., f, continuous at p

as well?
We may ask the same question for series of functions. If the sequence of partial sums

sp(x) = ka(:v) Ve e E

converges for every x € F, then we will use
o
> fn
n=1

to denote the limit function of {s,}, called the sum of the series >~ | f,. Can we exchange
the summation » >~ | [which by definition is understood as lim, . Y ,_,] and lim,_,:

lim ;fnczr) = Z lim £, (x) 7

In other words, can we work out the limit lim, ., of the infinite sum ), f, term by
term?

Example 1.57 Consider the sequence of functions [sketch their graphs!]

B 0 z'fa:Z%;
f"@)_{—nx—i—l if0§x<%.

Then

lim f,(x) = f(z) = { 10 i]'; fci(());

n—oo



fn(x) converges to f(x) for every x € [0,1] [but not uniformly, see definition below]. The
limit function f is not continuous at 0, although all f,, are continuous on [0, 1]. Indeed

lim hm fu(z) = llg(l)f@) =

z—0n
while
lim lir% falz)=1lim1=1
so that

lim lim f,(z) # lim lim fn( ) .

r—0n—oo n—oo x—0

Definition 1.58 Let f,, be a sequence of real (or complex) functions on E.
1) Let f: E—R (orC). If Ve >0, IN [a natural number depending on ] s. t.

|fu(z) — f(x)|<e VzeE

whenevern > N, then we say f, converges to f uniformly on E, written f,, — f uniformly
on E (asn — ).
2) Define the sequence of partial sums

sp(x) = Z fu(x) VzeFE

If s, — s uniformly on E, then we say the series Y~ | fn converges uniformly on E.

By definition, f,, — f uniformly on E implies point-wise convergence
lw fu) = f@0)  VeeE
Theorem 1.59 Let f,, f: E — R (or C). Then f, — f uniformly on E iff
Jim sup | ful(z) = f(2)[ =0
Proof. (=) Suppose f,, — f uniformly on E, then for given € > 0 there is N such that
| fu(z) — f(2)] <§ forallz € Eandn > N .

[so that § is a upper bound of {|f.(x) — f(x)|: v € E}]. Then

sup [ fu(z) — f(z)] <

relR

[Why 43 S 77’ IlOt 13 < 7 ?]

(LI NCR )

< Vn > N .

According to definition, lim, . sup,cp | fu(z) — f(x)] = 0.
(<=) Suppose lim, o sup,cp | fu(z) — f(z)| = 0, then Ve > 0 3N such that

sup |fu(z) — f(z)] < € Yn > N .
el

Therefore

[fu(z) — f(z)] < sup[fu(z) — fz)| <e

rel
for all z € F and n > N. That is f, — f uniformly on E. m



Exercise 1.60 Prove that f, — f uniformly in E iff for any sequence {x,} in E

lim |y (zn) = f(zn)] =0 .

n—oo

[Formulate the contrapositive to that f, — f uniformly in E].

Theorem 1.61 (Cauchy’s Criterion for Uniform Convergence) Let f, : E — R
(or C). Then f, converges uniformly on E, if and only if Ve > 0, 3 an integer N such
that

sup | fn(z) — f(z)| < € Vn,m > N. (1.4)

zel

Proof. (=) Suppose f,, converges uniformly on F with limit function f, then V ¢ > 0,

dN s. t. -
sup | fn(z) — f(2)| < 3 Vn > N .
zeE
Since
so that
sup ’fn<x> - fm(x)’ S sup ’fn(x) - f(l’)’ + sup |fm($) - f(:E)‘
zel zeEFE el
€ £
< 5 + 5
= ¢

as long as n, m > N.

(«<=) Conversely, suppose (1.4) holds. Then for any = € E, {f,(z)} is a Cauchy sequence,
so that it is convergent. Let us denote its limit by f(x). For every € > 0, choose an integer
N such that

|fu(x) — fin(2)| < g for all n, m > N and every z € E.

For any fixed n > N and x € F, letting m — oo in the above inequality we obtain

(@) = f(2)] = lim |fp(2) = fm(2)]

[Why 43 S a7’ IlOt « < b 7

|
Mol o3

According to definition, f, — f uniformly on £. m

Remark 1.62 (Cauchy’s criterion of uniform convergence for series) A seriesd - f,
s uniformly convergent in E iff Ve > 0, 3 integer N such that

> fulx)

k=m+1

sup <e€ VYn>m2>N .

zelE




[Apply Cauchy’s criterion to the partial sum sequence {s,}: s, = > r_; fxl-
As a consequence, we prove the following simple but important uniform convergence test
for series.

Theorem 1.63 (Weierstrass M-Test [for Uniform Convergence of Series]) Let {f.}
be a sequence of (real or complex) functions defined on E. If

()] < My Vz € E

for some non-negative constant M, [The above inequality says M, is an upper bound of
\fn] on EJ, and if Y7 | M, converges, then Y, f, converges uniformly on E. Moreover

> fal@)

Proof. The last inequality is obvious. For every ¢ > 0, there exists an integer N such
that

§i|fn(x)|§iMn Ve e FE .
n=1 n=1

ZMk<€ Vn>m2>N

Cauchy’s criterion for series]. Let s, = > ;. f be the partial sum sequence of > 7 . f,.
k=1 n=1
Then for n >m > N

|sn(@) = sm(2)] =

[Triangle Inequality]

A
g
=
=

< > M Vr€E .
That is, [s, — ;| is bounded above by > ¢ ., My and thus

sup |sp () — sm(x)| < Z M, <¢.

zelE jR—

Therefore {s,} converges uniformly in £ [Cauchy’s criterion for uniform convergence|. m

Example 1.64 Let E = [0,1] and let

T
Inlw) = T
Then lim,, . fn(z) = 0 for every x € E. Since
1 2 1
0 fale) = 5y g 5o =0

T oml4+n2z2 T 2n

so that f, — f uniformly on [0, 1].



Example 1.65 Let
nw

Inle) = T
Then lim, .o fn(z) = 0 for every x € [0,1]. While f,(1/n) =1/2, so that

for xz €0, 1].

1
sup |fu(z) — f(x)] > =+ 0asn — oo
z€(0,1] 2

and thus f, converges to 0 but not uniformly in [0, 1].

Example 1.66 >~ z" converges to —— in (—1,1), but not uniformly. [> > x" con-

verges uniformly on [—r,r| for any 0 < r < 1, see also Theorem 2.10 below).

Indeed, s,(z) = > 1 2" = 1’1‘”_71;1 tends to == for any |z| < 1. On the other hand

1
1—=x

|x’n+1

I

sn ()

so that

(n_—l—l)n+1
n+2
= 1
1-55
n -+ 2
= —— — OO .

(1+%+1)n+1

Sup |sn(r) —

ze(—1,1) 1—x

Hence S °° 2™ doesn’t converge uniformly.
n=0

Theorem 1.67 Let f,,, [ : E — R (or C), and f, — f uniformly in E. Suppose all f,
are continuous at xo € E, then the limit function f is also continuous at xo. Therefore

lim lim f,(z) = le fo(zo) = lim lim f,(x) .

T—ITy N—00 n—00 T—xQ

[The uniform limit of continuous functions is continuous.|
Proof. Given € > 0, 4 an integer N s.t.

|fn(x) — f(2x)] <§; VYn > N and Vz € E .

Since fy41 is continuous at zg, 3 § > 0 (depending on xy and ) such that
£

3 )
Hence, if |z — x¢| < § then [by the Triangle Inequality]

[f(x) = flzo)l < [f(2) = v (@)| + [f (20) — favsa (o)

| fns1(z) = fuga(o)l
< = + = + — = 3
3 3 3 ’

By definition, f is continuous at zy,. =

|fvg1(x) = fvsi(zo)| < V |z — 20| <6 .



Remark 1.68 [Version for series] If > " | [, converges uniformly on E and every f, is
continuous at xo € F, then

Yim > fu(w) =D fulwo).
n=1 n=1

In particular, if f, is continuous on E for all n and »_" | f, converges uniformly on E,

then Y7 | fn is continuous on E.

Corollary 1.69 Suppose the convergence radius of the power series Y~ a,z" is 0 <
R < oo, then for every 0 < r < R, > 7 a,x™ converges uniformly on the closed disk
{z : |x| <r}. Therefore, > 07 a,az™ is continuous on the open ball {x : |x| < R}.

n=1

Proof. According to the definition of convergence radius, > - | a,z" is absolutely conver-
gent for |z| < R. In particular, Y ° , |a,|r™ is convergent. Since

la,z™| < |a,|r™  for all z such that || <r

therefore, by Weierstrass M-test, Y~ | a,2™ converges uniformly on {z : |z| <r}. m
The end points R and —R need to be handled differently.

Theorem 1.70 (Abel’s theorem) If the series Y -, a, converges, then Y o a,z" con-
verges uniformly on [0, 1]. Therefore, Y >, a,x™ is continuous on (—1,1], and

o o
lim anx" = E A,
zT1

Proof. For every € > 0, there is N such that, for every n > m > N we have

n
> o
k=m

<e. (1.5)

Fix m > N, set

k
ck:Zaj for k>m, ¢,-1=0.

j=m

Then (1.5) implies that |c;| < & whenever £k > m — 1, and a, = ¢x — cx_1. We have

n n
k k
E apxr” = E (e — cp_1)x
k=m k=m
n n
= E CkZL‘k— E Ck_ll'k
k=m k=m
n—1

= Z Cr: (:pk — xk+1) + c,z"

k=m



[which is called the Abel’s summation formula]. Hence, for any x € [0, 1],

n

E akxk

k=m

n—1
< Z lex] (2% — 2"T) + |ep 2"
k=m

n—1

< € Z (:Uk — ka) + ex™
k=m

= e <eg.

According to definition, Y >°  a,z" converges uniformly on [0,1]. Therefore ) a,z"
continuous on [0, 1]. In particular

Theorem 1.71 (The Dini Theorem). Let f,, be a sequence of real continuous functions
on [a,b]. Suppose lim,, o fn(x) = f(z) for any x € [a,b], where f is a continuous function
on [a,b], and suppose that

ful@) = fori(x) YV n and Vz € [a,b]
then f, — [ uniformly in [a,b.

Proof. Let g,(x) = f.(z) — f(x). Then g, is continuous for every n, g, > 0 and
lim, o0 gn(z) = 0 for any = € [a,b]. Suppose {g,} were not uniformly convergent on
la,b]. Then 3 ¢ > 0, such that for each k there are a natural number n; > k and a point
x) € [a,b] such that
|gnk(xk’)| = gnk($k) > €.

[Contrapositive to that {g,} converges to 0 uniformly on |a,b]]. We may choose ny so
that & — ny is increasing, and we may assume that x; — p. [Otherwise we may argue
with a convergent subsequence of {x}}, according to Bolzano-Weierstrass’ Theorem]. Then
p € [a,b]. For any (fixed) k, since {g,} is decreasing,

€ < g (1) < Gny(22) (1.6)
for all [ > k. Letting [ — oo in the above inequality, we obtain

e < llim Gy, (1) = Gn,. (D) [gn,, is continuous at p),

which contradicts to the assumption that limy ., gn, (p) =0. =

Example 1.72 Let fu(x) = 7 for € (0,1). Then lim, .o fo(x) = 0 for every x €
(0,1), fn is decreasing in n, but f, does not converge uniformly. Dini’s theorem doesn’t
apply, as (0,1) is not compact.



The proofs of the following theorems will be given in the Trinity term.

Theorem 1.73 If f, — f uniformly in [a,b] and if every f, is continuous, then

b b b
/f:/limfn:hm fn .

Similarly, if the series Y -, [, converges uniformly in [a,b] and if all f, are continuous,
then we may integrate the series term by term

b 0 )
DAL

However, the uniform convergence is not the right condition for integrating a series term
by term: we can exchange the order of integration fab (which involves a limiting procedure)
and lim,,_,., under much weaker conditions. The search for correct conditions for term-
by-term integration was led to the discovery of Lebesgue’s integration [Part A option:
Integration]. For details, see W. Rudin’s Principles, Chapter 11 (page 300).

a

Theorem 1.74 Let f,, — f in (a,b) (convergence point-wisely). Suppose f! exists and is
continuous on (a,b) for every n, and if f! — g uniformly in (a,b). Then f' exists and is
continuous in (a,b), and

4 lim f,(z) = lim ifn(az:) :

dx n—oo n—oo dI

Similarly, if > f, converges in (a,b), if every f exists and is continuous in (a,b), and if
> f! converges uniformly in (a,b), then

d oo o0 )
@;fn:;fn.






Chapter 2

Differentiability

Synopsis: Definition of the derivative of a function of a real variable. Algebra of deriva-
tives, examples to include polynomials and inverse functions. Theorem that the derivative
of a function defined by a power series is given by the derived series.

Vanishing of the derivative at a local maximum or minimum. Rolle’s Theorem. Mean
Value Theorem with simple applications: constant and monotone functions.

Cauchy’s (generalized) Mean Value Theorem and I’'Hopital’s formula. Taylor’s Theorem
with remainder in Lagrange’s form; examples of Taylor’s Theorem to include the binomial
expansion with arbitrary index.

2.1 Differentiability

In this course we only study differentiability for real (or complex)-valued functions on E,
where F is a subset of the real line R. The differentiability for complex functions on
the complex plane C is totally different from the real case here: the existence of complex
coordinates or the complex structure has a completely different meaning, so that it requires
another theory — Complex Analysis [Part A: Analysis]|.

Definition 2.1 1) Let f: (a,b) = R (or C), and xy € (a,b). If

o @) = f(wo)

T—T0 Tr — X

exists (a real or complex number), then the above limit is called the derivative of f at xg
and is denoted by f'(xq) or %(xo).
2)If f: (a,b] = R (or C), and xy € (a,b], then the left-derivative of f at xq is defined by

Flns) — i 10 = @)

if the limit exists/.
zTxo T — X /f /

If f:[a,b) = R (or C), and zq € [a,b), then the right-derivative of f at xq is defined by

oot — tim 12 = F0)

if the limit exists/.
o [if /
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3)If f: D — C where D C C is a domain, zg € D, the complex derivative of f at z is

defined to be
o) — 1 1) =10

[if the limit exists].
=20 2 — 2

Remark 2.2 Let y = f(x). There are other notations for derivatives
&L or % [G. W. Leibnitz]
y or f'(xg) [J. L. Lagrange/

Dy or Df(xzo) [A. L. Cauchy, in particular for vector-valued functions of several variables/.

Remark 2.3 According to definition, f'(xo) exists iff both side derivatives f'(xo—) and
f(xo+) exist, and f'(xo—) = f'(xo+). If f: (a,b) — C, and f'(x¢) exists, then we say f
is differentiable.

f is differentiable on (a,b) if it is differentiable at every point in (a,b).

We say f is differentiable on [a,b] if it is differentiable on (a,b) and both f'(a+) and f'(b—)

exist.

Remark 2.4 We have abused the notations f'(xo+) and f'(xo—). Recall that if g is a
function defined in (a,b) and xo € (a,b), then g(xo+) and g(zo—) represent the right-hand
limit and the left-hand limit of g at xy:
g(xo+) = lilm g(x) and  g(xe—) = limg(z) ,
z]xo

zTxo

respectively. According to definition here, even f is differentiable in (a,b) [so that the
deriwvative function f' of f is a well-defined on (a,b)], f'(xo+) and f'(xo—) do not mean
the right-hand and the left-hand limits of the Derivative Function [’ at xoy! However, we
will show that, if lim,,, f'(x) exists, then the right-hand limit of f’; lim,,, f'(z); does
coincide with f’(zo+) we have defined here. A similar statement holds for f'(xo—) as well.
Here is a simple example to show the difference. Consider f(x) = z* sin% for x # 0, and
f(0) =0. Then we can show that f'(0) =0 and

f'(z) :21'81111—0081 for x # 0.
x x
Therefore f'(04+) = f'(0—) = f(0) = 0, but the right-hand and left-hand limits of f at
0: limg o f'(x) and lim,y f'(x) do not exist! [You'd better to remember the function
f(xz) = z*sin< for  # 0 and f(0) = 0, which has a value if you want to construct
examples related with differentiability./

Exercise 2.5 1) If f'(xzg—) > 0 (resp. f'(xo—) < 0), then there is a number 6 > 0 such

that f(x) < f(xo) (resp. f(x) > f(xo)) for x € (xo — 3§, o).
2) If f'(xo+) > 0 (resp. f'(zo+) < 0), then there is 6 > 0 such that f(x) > f(xg) (resp.

f(z) < f(xg)) for x € [z, 20 + 0).
3) If f'(xg) > 0 (resp. f'(xg) < 0), then there is § > 0 such that

(f(z) = f(x0)) (x — 20) > 0

(resp.
(f (@) = f(20)) (x = 20) <0 )
for x € (xg — 0,9 + 9).



If f is differentiable at x(, then the increment of f near xg

f(x) = f(z0) = f'(w0) (x — x0) + 0(, 70)
where o is a function of x and x satisfying that

lim O(l’, ZL'())

z—z0 T — X

=0.

The linear part of the increment f(z) — f(xq); f'(xo) (x — x0); is called the differential of
f at xo.
We next prove several standard facts about differentiability.

Theorem 2.6 Let f : (a,b) — R (or C). If f is differentiable at xo € (a,b), then f is
continuous at xg.

Proof. Since

i () = fGan)) = g LOZHI)
= lim @) = flao) lim (x — zo)
T—T0 xr — Xo T—x0
= f/(ZE()) x 0
=0

the second equality follows from the algebra of limits. Therefore lim, .., f(z) = f(z0),
according to definition, f is continuous at zy. =

Theorem 2.7 If f, g: (a,b) = R (or C) are differentiable at xy € (a,b), then

1) (f £ 9) (zo) = f'(w0) £ g'(w0) ;

2) (Product rule) (fg)'(xo) = f'(x0)g(xo) + f(x0)g'(x0) [The operation f — f' is a deriva-
tion./

3) and if in addition g(xg) # 0

([)/ (20) = f'(20)g(z0) — f(20)g'(z0)
9

9*(x0)

Proof. 1) is clearly true. 2) Let h = fg. Then
h(x) = h(zo) = g(xo) (f(x) — f(0)) + f(z) (9(x) — g(x0)) ,
dividing both sides by z — x(, and taking limit * — x7 we obtain

T—Io r — 2o T—xo r — T T—I0 T—I0 r — I

= f(x0)g(xo) + f(x0)g (7o) [Algebra of limits]

where we have used the fact that g(z) = g(z¢) as © — x¢ [Theorem 2.6].



To prove 3), we first need to show f/g is well-defined near z,. Since g is continuous at z,

for ¢ = M we can find a number § > 0 such that

l9(2) — g(z0)| < ‘9%0)' Vi € (a,b) s.t. |z — 2] <3 .
It follows that

l9(x)] = |g(zo)| = |g(x) — g(xo)] [Triangle Inequality]

> |g(;0>| Vo € (a,b) s.t. |[x — x| <9 .
Let h = 5 on (a,b) N (xg — 6,29+ 0). Then
h(x) — h(x 1 x)— f(x x)—g(x
T — o 9(x)g(zo) T — Zo T — T

Letting x — x¢ we prove 3). m

Theorem 2.8 (The Chain Rule) Suppose f : (a,b) — R is differentiable at xy € (a,b),
g : (c,d) — R is differentiable at yo = f(xo) € (c,d), and f((a,b)) C (¢,d), then h =go f
is differentiable at xo and

W (xo) = g'(yo).f'(20) -

Proof. Let

9w = 90) _ i) vy £ 4
Y—%

and v(yo) = 0. Then, v(y) — 0 as y — 7o, so that v is continuous at yy. We can then
write the increment

v(y) =

9(y) = 9(yo) = (¥ — %) (9 (%) + v(y))
which is valid for any y € (¢, d). In particular

9(f (@) — g(f(x0)) = (f(z) = f(=0)) (9'(w0) + v(f(x)))

T ) b 1)~ 1) ) ~ S
x) — h(x , x) — f(x x) — f(x
= = ¢'(w) =+ o(f(x)) - (2.1)
T — I xr — To T — Zo
Since f is differentiable at xy, f continuous at zy [Theorem 2.6]. Therefore f(z) — yo as

x — xg, which then yields that v(f(z)) — 0 as © — xy. Letting x — xo in (2.1) we obtain

+ Jim o) i =T
= g (yo)f (zo) + 0 x f'(m0)
= f'(w0)g' (vo) -



Theorem 2.9 Suppose f is a differentiable real function on (a,b), with f' # 0, and
suppose [ is strictly increasing in (a,b). Write y = f(x). Then the inverse function
g=f"1: f((a,b)) — R is differentiable, and
1
/
9\Y) =
W= )

Proof. g = f~! is continuous on f((a,b)) [Apply Inverse Function Theorem to any
lc,d] C (a,b), Chapter 1]. Let yo € f((a,b)) and zo € (a,b) such that f(zo) = yo. Then

Yy € f((a,b)) .

—1(0,) _ f-1 _
i LW =) o @0
Y=o Y — Y y—wo f(z) — f(x0)
I 1
= lim ———
Y—Yo f(x)ff(xo)
)

where f(x) =y. Since f~! is continuous, x — g as y — yo. Hence

f(@) — f(@o)

= f'(xo) as y— o
r — XIg

so that . .
i W) = () _ /1
y—yo Y—Y f'(o)
exists [Algebra of limits is applicable as f’(xg) # 0]. g = f~! is differentiable at y,, and

,()_1_ 1
T = ) ~ P w))

Theorem 2.10 Consider the power series

flz) = Zanz”
n=0
= ataz+--+a,z2" 4+ . (2.2)

Let R be its convergence radius, where 0 < R < +o00. Then
1) The power series obtained by differentiating f term by term

g(z) = Znanzn_l
n=1
= ay+2az - +naz" 4 (2.3)

has the convergence radius R. In particular for any 0 <r < R

Zn\an\r’“l < 400 [Absolute Convergence at z =r] . (2.4)

n=1



2) The [complex] derivative

. fw) = f(z)
! — 1 JNT) S NTT
fz) = lim =——
exists for every z satisfying |z| < R, and f'(z) = g(2). That is
d o (0.)
= Zanz" = Znanz”_l Viz| < R . (2.5)
n=0 n=1

[We may differentiate a power series term by term)]
Proof. 1) Let |z| < R. Set r = 1(|z|+ R) (or r = 2|z|+ 1 if R = 400). Then |z| <r < R,
q= |Ti‘ < 1, and we have the following facts:
(a) Y°0°  lan|r™ < +oo [Analysis 1: a power series converges absolutely inside its conver-
gence disk],
(b) {ng" '} is bounded [Indeed Y ng" ! converges (by ration test), so that lim,, .., ng" ! =
0: but we don’t need these stronger results here]. Let b, = ng"~'. Then

bpy1 n+1

bn:nq

which is smaller then 1 for n big enough, so that {b,} is decreasing for big n, so that
lim,, o b, exists, hence {ng" "'} is bounded: ng"~' < M for some M, Vn.
(¢) Y02 na,z""tconverges absolutely. Indeed

na,z" | < nla|z|"t = ng" Hanr
M
< —Jag|r” Vn >1
r
so that, by the comparison test [Analysis 1]
oo oo
M
> nlan||2 < TZ |a,|r™ < 400
n=1 n=1
n—1

Similarly we may prove the convergence radius of > >~ na,z""! can not be greater then
that of > 7 a,2".

2) We are going to show that the complex derivative of f at any point z such that |z| < R.
Let r = 1(|z| + R) (or r = |z| + 1 if R = 00). Then r < R, and |z| < r. For any point w

such that |w| < r, consider

f(w) - f(z) _g(x) = ian (w”_:Z" _ mm)
— nf;an (% — nz"_l) ; (2.6)

where we have added the series f(w), f(z) and g(z) term by term, which is justified as
all these series are absolutely convergent [Analysis 1: a power series converges absolutely
inside the convergence disk]. Our aim is to show that

f(w) = f(2)

—g(z) — 0 as w — z .
w—z



To this end we use the identity

n n

w _ _ _
:Zn 1+Zn 2w+~-+zw” 2+wn

w—z

[Ezercise. Apply the geometric series

1 _ n
1+x+x2+~--+x”*1:1 ’ Vn > 1
-z
to x = w/z or z/w]. Therefore, for any w # z and n > 2
U2 el = 2y a2 !
w—z
_Zn—l _ Zn—l . Zn—l o Zn—l
n—1
— (anlfk k anl)
k=1
n—1
_ P (e
k=1
Let
n—1
hy (W) =a, y 2"'7F (W -2 n=23,
k=1
Then
f(w) = f(2) N
mt L —g(2) =) hy(w
) = ()

All h,, are continuous in C (polynomials in w), and h,(z) = 0 (Yn > 2). We claim that

> > 5 by (w) converges uniformly in |w| < r. In fact

n—1
[ (w) | < an] D127 F (ol + |2[F)
k=1

< 2nla, |t

By 1), Y nla,|r"™! < 400, so that > 7, h, (w) converges uniformly in closed disk {w :
lw| < r} [Weierstrass M-test, Chapter 2]. Hence Y, h, (w) is continuous in the disk
|w| < r [Theorem 1.67: the uniform limit of continuous functions is continuous]. Therefore

zLiinziojhn(w) = f:hn(z) =0
n=2 n=2

so that
tim 0T = (F 20 g)) g0
= g}inzz By (w) + g(2)

= g(2) .



Proposition 2.11 1) Define exp(z) = > oo 2 [0l = 1 and the convergence radius is
0of. Then 4L exp(z) = exp(z).

2) Define sm( )= 2;’;0(—1)"(;2:11), and cos(z) =y o(=1)"Z Ty1 » both are differentiable
in C, and L sin(z) = cos(z) and - cos(z) = —sin(z).

Then exp is differentiable in C [Theorem 2.10] and

i ( ) B _f: o 1
dz PV = — N — (n—1)!
o0 Zn
= — = exp(z)
—~ n!
Similarly
d e ZZTL
—-sin(z) = nzzo(—m (2n+1)<2n+1)
e ZQn
= () = eos()
n=0 (271)'
and
d 0 . 22n71
- cos(2) ;(—1) @)
2n—1

= —Z Zn——l) —sin(z) .

Example 2.12  Clearly exp(0) = 1 and exp(xz) > 1 for every x > 0. Moreover x —
Soo oL on [0,+00) is strictly increasing [Indeed it is strictly increasing on (—oo,00), see
below Corollary 2.3]. Let f(x) = exp(z) (x > 0), and use log : [1,4+00) — [0,+00) to
denote the inverse function of f. Then log is differentiable, and [Theorem 2.9]

ilo B 1 1 1
dy ST PG STy
dlogr =21 (for allz > 1).

that is, =

Example 2.13 Consider function

which is continuous on R. Since
lim w = lim sin —
x—0 xr — O x—0 x
doesn’t exist, f is not differentiable at 0. f is differentiable at any other point, and
1 1 1
f'(z) = sin — — = cos — Vo #£0 .
r T x
Note lim, o f'(x) does not exist [Why ?]



Example 2.14 Let f(z) = z*sini (x #0) and f(0) = 0. Then

= limxsin— =0
z—0 X

and

1 1
f'(z) = 2z sin — — cos — Vo #0 .

€T T

Therefore f is differentiable everywhere, the derivative function f’ is not continuous at 0:
lim, o f'(z) doesn’t exist.

Example 2.15 f(z) = |z| is continuous but not differentiable at 0. But the left (right)-
derivative of f at 0 exists, and f'(0—) = —1 and f'(04+) = 1. Note that lim,, f'(x) =
f(0+) and lim,_0 f'(x) = f'(0—).

Example 2.16 (B. L. Van der Waerden) [I don’t think I'll have time to work through
this example] [A function which is continuous on R but nowhere differentiable]. Let

B x if 0<x<1;
huy_{Q—x if1<z<?2

and extend h to be a periodic function with period 2, i.e. h(zx+2) = h(x) forx € R. Then
h is continuous on R. Consider the series

o) = i G)n h(4"z) |

n=0

By the Weierstrass M-test, Y >, (%)nh(élnaz) converges uniformly in R, and thus [ is
continuous on R [Theorem 1.67] and

3

|f(z)] < (Z) =4 foreveryx €R .
n=0

Let x € R, m € N and set k = [4™x] the integer part of 4™x: k is the unique integer such
that
k<4my <k-+1.

Let oy, = 4™k and G, = 47" (k +1). Obuviously
O ST <

and
1
ﬂm—am:4—m—>0 as m — oo .

In particular, lim,, . o, = lim,, .o B = x. We are going to show that

lim f(Bm) — flam)

m—oo [y — am




does not exist, so that f is not differentiable at x. Since x is arbitrary, thus f is nowhere
differentiable.
If n > m, then 4"3,, — 4", is an even number, and if n < m then there is no integer

between 4", and 4"«,,. Therefore

n n _ 07 Zf n>m;
|h(4" ) — (4" vy )| = { gr=m - ifp < m.

= flow) = 3= (5) 0 = )
- 22 (3) ) = hiaran)
<o that
£(8)  flan)| = (i)m—m (3) s - naran)
- () -5 ()
- () =
= §(Z)m+%4im
Therefore

ﬁm — Qi o 2
and it follows thus that lim W does not exist, so that f is not differentiable at any
point x.

— +00 asm — o0

Definition 2.17 If f is differentiable on (a,b), then the second-order derivative

f”(ZL‘) — lim f’(l‘ + h) — f/(l')

h—0 h

if the limit exists, which is denoted also by f®(x). Inductively define f™+V(z) to be the
derivative f™ for any n, as long as the derivative exists.

Theorem 2.18 (Leibnitz Formula) If F = fg, then

PO =30 (1) 99 )



2.2 The Mean Value Theorem (MVT)

2.2.1 Local maxima and minima

If f:FEF — Ris a real function on E, then 2y € F is a local maximum (resp. local
minimum) if there is a § > 0 such that

f(x) < flzo)  (resp. f(z) = [f(xo))
whenever z € (z9—0,29+J)NE. A local maximum or minimum is called a local extremum.

Theorem 2.19 (Fermat’s Theorem) Let f: E — R. Suppose xg is a local extremum
of f, (xg —e,x0+¢) C E for somee >0, and f is differentiable at xo, then f'(zq) = 0.

Proof. Let us prove Fermat’s theorem for a local maximum z,. Then f(x) — f(z) <0
whenever x — z¢ > 0 and x € (zg — &, 29 + €), so that

f(ao+) = lim %ﬁ’sxo)
On the other hand, for z € (zo — €, %), f(2) — f(z0) < 0 and z — zo < 0, hence
flrom) = Tim L) =/(@0)

T—T0— T — X

<0

>0.

Since f is differentiable at xy, we therefore must have f'(zq) = f'(xo—) = f'(xo+) =0. m

Theorem 2.20 (Rolle’s Theorem, 1691) If f : [a,b] — R is continuous, f is differen-
tiable on (a,b) and f(a) = f(b), then there exists a point xo € (a,b) such that f'(z) = 0.

Proof. If f is constant in [a,b], then f'(x) = 0 for every x € (a,b), so that any point
zo € (a,b) will do. Since f is continuous, f attains its maximum and minimum on
la,b]. That is, there are two points 1, x2 € [a,b] such that f(x1) = mingejoy f(2) and

f(x2) = sup,epay f(x). If fis not constant, then f(x1) # f(z). Since f(a) = f(b), at
least one (say zo) of 1 and x2 belongs to (a, b). xy must be a local extremum and therefore

[by Fermat’s Theorem | f'(z9) =0. m

Corollary 2.21 Suppose f : R — R be a differentiable function. Then between any two
distinct roots of f(x) = 0 there is a root of f'(x) = 0.

Example 2.22 f(z) =sinz and f'(z) = cosx. Study the zeros of f and f'.

2.2.2 Mean Value Theorems

[One of the most important results in this course]

Theorem 2.23 (Mean Value Theorem, MVT) If f : [a,b] — R is continuous and
differentiable on (a,b), then there is a point xy € (a,b) such that

f) = fla)

f'(wo) = b—a



[In applications, we often write MVT as

f(b) = fla) = f'(xo) (b —a)

for some zy which depends on a and b.]
Proof. Apply Rolle’s theorem to function

Then F'(z) = f'(z) — W, and F(a) = 0 = F(b). By Rolle’s Theorem, F'(§) = 0 for

some number ¢ between a and b. That is, f'(£) = w [ ]

Corollary 2.24 [Identity Theorem] If f : (a,b) — R is differentiable and f' =0, then
f is constant on (a,b).

Proof. Apply MVT to f on [z,y] where z, y are any two points in (a,b). Then f(x) —
fly) = f'(§)(x — y) for some number ¢ between x and y. Since f'(§) = 0, so that
f(z) = f(y). Therefore f is constant in (a,b). m

Corollary 2.25 Let f: (a,b) — R be differentiable.
1) If f'(x) > 0 for every x € (a,b) then f is increasing.
2) If f'(x) <0 for every x € (a,b) then f is decreasing.

Recall what we did last Friday. The main idea is to look at those interesting points at
which the graph of a continuous function turns: one class of such points are local maxima
and local minima.

1. Fermat’s Theorem If f is continuous in (a,b) and z, is a local maximum or local
minimum of f in (a,b), then f'(z) = 0. [You should be able to prove this theorem:
the idea is to figure out the signs of f'(xo—) and f'(zo+).]

2. Rolle’s Theorem. If f : [a,b] — R is (1) continuous, (2) differentiable in (a,b)
and (3) f(a) = f(b), then there is (at least) a point £ between a and b such that
f(€) = 0. [It follows directly that a) f attains its bounds and b) Fermat’s Theorem)].

3. Corollary. Suppose f : R — R be a differentiable function. Then between any two
distinct roots of f(z) = 0 there is a root of f'(x) = 0.

4. Mean Value Theorem. If f : [a,b] — R is (1) continuous, (2) differentiable in
(a,b), then there is (at least) one point £ between a and b such that f/(§) = W
[You should be able to prove this very important theorem. The proof uses the Rolle
Theorem. On the other hand, Rolle’s Theorem is the special case of MVT. Therefore

MVT and Rolle’s Theorem are equivalent !]



We may state the MVT as the following

f(b) = f(a) = f(§)(b—a)

for some £ € (a,b). £ can be written as & = a + 6(b — a) where § € (0,1). Therefore, if we
set h = b — a, then b = a + h, so that the MV'T becomes

fla+h)— f(a)= f'(a+6h)h

or in the form:

fla+h) = f(a)+ f'(a+0h)h
[which is the special of Taylor’s Theorem)].

Remark 2.26 Recall the following conditions we used in these theorems:
(1) f is continuous on a bounded, closed interval [a, b];

(2) f is differentiable in (a,b);

(3) f(a) = f(b).

Then

e (1)4+(2)+(3) = Rolle’s Theorem [(1),(2) and (3) are sufficient conditions for Rolle’s
Theorem)|

e (1)+(2) = MVT (1) and (2) are sufficient conditions for MVT]

On the other hand, all conditions (1)-(3) (resp. (1) and (2)) are needed in the Rolle
Theorem (resp. MVT). The following are examples of functions you should keep in your
mind: they have values if you want to produce counterexamples.

1. f(z) =% on the interval (0, 1]. f is differentiable, but MVT doesn’t apply. [Why?]

T

2. f(x) = |z| on [—1,1], f is continuous, differentiable other then the point 0, both
MVT and Rolle’s do not apply. [Why?]

3. f(z) =1 on [0,1] and f(z) = 2 on [1,2]. f is continuous and differentiable other
then at 1. MVT doesn’t apply. [Why?]

Theorem 2.27 (Cauchy’s Mean Value Theorem) Suppose f, g : |a,b] — R are
continuous, f, g are differentiable on (a,b), and g # 0 on (a,b), then there is a point
xo € (a,b) such that

Proof. The Rolle Theorem implies that g(b) # g(a) [Why?]. Apply Rolle’s Theorem to
function



Then F is continuous on [a, b, and differentiable in (a, b). Moreover

and F(a) = F(b) = 0. According to Rolle’s Theorem, there is a point £ € (a, b) such that
F'(¢) =0, that is
f) = fla) ,
() = 3—7=9() .
&= e =gt
Since ¢'(§) # 0, so that, by dividing ¢'(§) both sides,

JO) = @) _ 116

Proposition 2.28 1) exp(z + y) = exp(z) exp(y) for all z,y € R.

2) exp(x) > 0 for any x € (—o0,+00), and therefore x — exp(z) is strictly increasing,
exp(x) — 00 as © — 400 and exp(x) — 0 as © — —oo. Therefore the inverse function of
exp exists, called the logarithm function, denoted by log.

3) log : (0,00) — (—o0,00) is differentiable, and logz = L.

Proof. 1) For any (fixed real) ¢, consider g(x) = exp(x)exp(c — z) [Why? Explained in
the lecture|. Then

g'(z) = exp'(z)exp(c—z)— exp(x)exp'(c — z)
= exp(x)exp(c—z) —exp(x) exp(c — )
=0

so that g is constant [Identity Theorem]. Clearly exp(0) = 1, so that g(x) = g(0) = exp(c)
for every x. That is
exp(z) exp(c — x) = exp(c) Vo .

Setting x = a and ¢ = a + b we obtain
exp(a + b) = exp(a) exp(b) .

2) If z > 0 then

2 ZL'S "

x
exp(z) = 1+x+§+§+...+ﬁ+...
> 1

and if x < 0, then
1 =exp(x — ) = exp(—2x) exp(x)

so that )
0<exp(z)=— <1 Vo <0 .

exp(—z) ~



In particular, exp(x) is strictly increasing on (—oo, +00) as exp’(x) = exp(z) > 0 [apply
MVT to exp on [z,y]: see the proof of Corollary 2.25]. Since lim, ., exp(z) = 400, and
exp(z) — 0 as x — —oo, the function f(z) = exp(z) maps (—o0,+00) to (0, +00). Thus
f has a continuous inverse f~! on (0, +00) which is differentiable on (0, +00) as f'(x) =
exp(z) # 0 [Theorem 2.9]. We use log(x) to denote f~'(z). Suppose y = f(z) = exp(z),
then f' = f so that

log/(y) = - -2
BT RW) T w) v

That is, < log(z) = 1 for any z > 0. =

Exercise 2.29 Define e = exp(1l). Show that (i) 1 < e < 3; (ii) e is irrational. [By

Contradiction: if e = § were rational, where p and q are co-prime, then

P 1 1 1
S=ld et

q 12 TR

and you may deduce a contradiction.]
Proposition 2.30 For x > 0 and a € R, define x* = exp(alogz). Then (i) 2° = 1; (ii)

ot = ; (i) 2T = a2 (i) 2y = (zy)™ ; (v) () =2 ; (vi) L2 =az7t [Ifnis
positive integer, then x" coincides with the product x---x (n times) as you expect].

2.2.3 Worked Examples

Example 2.31 Show that the general solution for f'(x) = f(z) ; = € (0,+00), is f(x) =
Aexp(z) where A is a constant.

Consider g(z) = L% [Why? Explained in the lecture]. Then

= oo
f'(@) exp(z) — f(z) exp’(x)
exp(z)?
f(x) exp(z) — f(x) exp(z)
exp(z)?

g(x) =

[Use the facts: exp’ =exp and f' = f |
= 0

so that ¢ = A on (0, +00) for some constant [Identity Theorem|. Therefore f(z) = Aexp(z)
for all z € (0, +00).

Exercise 2.32 Show that sin®z + cos’z = 1 for all x € R.
Let f(x) = sin®z + cos?z. Then

f'(x) = 2sinzsin’x + 2coszcos’ ©
= 2sinzcosz + 2cosz(—sinx)
=0

so that f(x) = f(0) =1 for all z € R [Identity Theorem].



Example 2.33 Show that

t
—— <log(l+41t) <t Vi > 0.

1+t
By MVT
log(1+t) —log(l) = log'(&)(1+t—1)
t
€
for some £ € (1,1+t¢). Thus 1 < £ < 1+ t, which yields that 1L+t < % < t. Therefore

log(1+1t) =log(l+1t)—logl= é

belongs to (757,1).

Example 2.34 Show that

. 1 1
lim (1+=+---+——logn
n—00 2 n

exists. The limat is called Euler’s constant, which is 0.57721566490 - - - .

In Analysis 1, it is showed that the harmonic series

=1
Z o= +oo  (diverges to oo) .
n=1
Let
n—1 1
a, = (E — (log(k +1) —log k))
k=1
oyl !
B 2 n—1
— (log2 —log1) — (log3 —log2) —--- — (logn — log(n — 1))

TREETE .
= — 4+ —— —logn .
2 n—1 &

Apply MVT to log x and interval [k, k 4 1]: there is a number & between k and k + 1 [i.e.
0<&—k<1]s.t.

k k

Hence




so that a,, > 0 and a,, is increasing. Moreover, since & > k, we thus have

n—1 1 o] 1 [e%¢) 1
an<2ﬁ<z—2<+00 Zk— onvergesforanyp>1].
k=1 k=1 k=1

Hence {a,} is bounded and increasing sequence, so that lim, . a, = 7 exists [and v <
S orey 1%2 = 72/6]. Therefore

: 1 1 . 1
lm (1+-+---+——1logn) = Ilm |a,+ —
n—00 2 n n—00 n
Example 2.35 Forz > 0, we have (i) exp(—z) < 1; (ii) exp(—z) > 1—z; (iii) exp(—zx) <

1—2+ % . In general we have, for any natural number n,

k&?

exp(—z) < Z(—l)k% and exp(—z) > Z( 1) X (2.7)

for any x > 0.

(i) Let f(z) = exp(—
In particular f(x)

z). Then f'(z) = —exp(—x) < 0, so that f is decreasing in [0, +00).
f(0) =1 for all x > 0.
)

<
(i) Let g(x) = exp(—z) — 1 —1—91; Then ¢'(z) = —exp(—z) + 1 > 0 [By (i)], so that g is
increasing, thus g(x) > ¢(0) =
(iii) Consider h(z) = exp(— ) +x— %2 Then

h(z)=—exp(—2z)+1—2<0

so that h is decreasing in [0, +00). Hence h(x) < h(0) = 0.
To prove (2.7) we use induction on n. We have proven the case that n = 0. Suppose (2.7)

is true for n. Consider f(z) = exp(—z) — Y it (- 1)’“3@—’: Then
o L] oo Lk
D D I
k=2(n+1)+1 ' k=2(n+1)+1 ’
o - xk:fl s o
- 7 Z (=1) (k — Z —1)!
k=2(n-+1)+1 =2(n
2n+1 ok
L N 1k
k=0
< 0 [Induction Assumption)]

so that f(x) is decreasing in [0, +00). Hence f(x) < f(0) = 0, that is

2(n+1) K
BT

exp(—r) < Y0 (—1F

k=0

Similarly exp(—z) > S 7T DL



Example 2.36 Let 0 <z < 3. Then
1)sinz <z < tanz ; [which yzelds that cosx < SBZ =1]
2)2 <t 1) + 2) implies that max{cos z, 2} < I forz € (0 7T/2)/

To prove the first inequality, consider f(z) = tanx—x, x € [0,7/2). Then f is differentiable
on (0,7/2) and
1
/ —
Jw) = cos? x

f is strictly increasing [Apply MVT to any [z1, x5], where z; € (0,7/2)]. Thus f(z) > f(0)
for any = € (0,7/2) which yields the inequality 1).

2) If g(z) = x — sinz then ¢'(z) = 1 — cosx > 0 for any = € (0,7/2). Hence g is strictly
increasing on [0, /2], so that sinz < z for all x € (0,7/2). Now consider

~1>0 Vze(0,7/2).

)= e 0,7/2

T

Then

W () = cos z(x — tan x)

p <0 Vxe(0,7/2)

so that h is strictly decreasing, so that g(z) > g(7/2) for any = € (0,7/2).

Example 2.37 (i) Suppose f is continuous in [xg,xo+ 0] and differentiable in (g, o+ 9)
for some 6 > 0 and suppose lim, ..+ f'(x) exists, then the right-derivative of f at xq exists
and

f(zo+) = lim f'(z) .

T—T0+

[Remind you that, here, f'(xo+) does not mean the right-hand limit of the derivative func-
tion f', but the limit
@)~ )

z|xo xr — X

It shows that, if the right-hand limit of f' exists, i.e. lim,,, f'(x) exists, then lim, |, f'(x)
coincides with f'(xo+), which justify the abuse of notations]. In particular, if lim,_., f'(z)
exists, then f is differentiable at xo, and f'(x¢) = lim,_,, f'(x) [However, f can be differ-
entiable at xo, but im, .., f'(x) doesn’t exist. Example?]

(ii) Show that f(x) = xarcsinx + /1 — a2 is differentiable on [—1,1]. [arcsin : [—1,1] —
[ m™ T

—Z, %] is the inverse of sin, and \/x is the inverse of z* in [0, 400)].

(i) Indeed, for any = € (g, ¢ + 0) we apply the MVT to f on [z, 2]
f(@) = flxo) = f'(&)(x — x0) -

Clearly, as x — xg, & — o so that lim, |, f'(&:) = lim,|,, f'(x), and therefore

Flart) =t {100

= hmf(ﬁx)—hmf( ) -

zlxo



(ii) First let us compute the derivative of arcsin on (—1,1). According to Theorem 2.9

d , 1
de TN T G (arcsin x)
B 1
~ cos(arcsinz)
Since sin is increasing in [~7, 7], so its inverse arcsin is continuous on [—1,1] with values

™

in [—-%,%]. In particular cos(arcsinz) > 0. Since cos? +sin® = 1, so that

cos(arcsinz) = \/1 — (sin(arcsin z))?
= V1-—22.

Therefore [Theorem 2.9]

d 1
%arcsina::ﬁ Ve e (—1,1) .
[Exercise: Carefully work out the derivative % x via Theorem 2.9]. Hence

f'(z) = arcsinz + = arcsinz

T T
V1—22 1—2?

on (—1,1). However lim, .+ f'(z) = % exist, so that f'(—1+) = =% and f'(1-)=3. f
is differentiable in [—1, 1].

Theorem 2.38 (Darboux’ Intermediate Value Theorem) If f : [a,b] — R is differ-
entiable and f'(a) < A < f'(b), then there exists a point £ € (a,b) such that f'(§) = A.

Proof. Let g(x) = f(x) — Az. Then g is differentiable in [a, b], so that ¢ is continuous in
la,b]. Therefore g attains its bounds. Moreover

g(x)=f(z) - A

so that ¢'(a) = f'(a) — A < 0 and ¢'(b) = f'(b) — A > 0. Since ¢'(a) < 0 there exists
x1 € (a,b) such that g(z1) < g(a) [Why? (Exercise, explained in the lecture)]. Similarly, as
g'(b) > 0, there is x5 € (a,b) such that g(z2) < ¢g(b). Therefore g must have its minimum
¢ € (a,b). By Rolle’s Theorem, ¢'(§) =0. =

Example 2.39 Consider f(x) = z? sini if © # 0, and f(0) = 0. f is differentiable
everywhere, but the derivative function
/ . 1
f'(x) = 2xsin — — cos —
x x
is not continuous at 0, and thus IVT [Chapter 1: IVT for continuous functions on closed

intervals] does not apply to ' on [—1,1] for example, but f' attains every values between
f'(=1) and f'(1) by Darboux IVT.



2.3 L’Hopital rule

[ Theorems of G. F. de 'Hospitales, French mathematician, and Joh. Bernoulli] In this
section, all functions are real-valued functions.

Theorem 2.40 Suppose f, g are continuous on |a,a + 6] (for some § > 0), differentiable
in (a,a+6), and f(a) = g(a) =0, then
f@) . @)

lim —% = lim
zla g(z)  ela g'(z)

provided that the limit on the right-hand side exists.

Proof. Let ,
| —tim @)
zla g'()
For every x € (a,a + 9), apply Cauchy’s MVT to f, g on the interval [a,z]: there is
&: € (a,x) such that
f@) _ flx) = fla) _ (&%)

g(x)  glx) —g(a)  g(&)
Letting x | a, then ¢, — a and &, > a, so that

- f(&)
15?3 9 (&)

:l’

hence ,
lim J@) _ im f,(fx) =1 [Algebra of limits].
ala g(z)  ela g'(&)

|

Similarly

Theorem 2.41 Suppose f, g are continuous on [a — 0,a] (for some 6 > 0) and differen-
tiable on (a — d,a), f(a) = g(a) =0, then
f@) )

lim —% = lim
efa g(z)  2la g'(z)

provided that the limit on the right-hand side exists.

Theorem 2.42 (L’Hépital Rule) Suppose f, g are continuous on [a—0,a+3] (for some
d > 0) and differentiable on (a — 6,a+ 96) \ {a}, f(a) = g(a) =0, then

@) @)

lim 2 =

e g@) e g(a)

provided the limit on the right-hand side exists.

Example 2.43 Shoulj that (i) lim, o %22 = 1; (i) lim, o =98¢ = 1 (i3i) lim, w _
1; (i) lim,o(1 +2)% = e ; (v) Find lim, g “3552%

r—sinx



(i) (2 type) sinz and z are continuous, with values 0 at 0. Since

sin’ x
lim = limcosz =1
z—0 z—0
exists, so that
sin sin’ x
lim = lim =1 [L’Hopital Rule].
z—0 x—0 x/
(i) (3 type) We have
1 —coszx sinx
lim ——— = lim [provided this limit exists]
z—0 T z—0 2%
cos
= hH(l) 5 [provided this limit exists]
r—
1
2

We have used L’Hopital Rule twice.
(iii) (2 type) By L'Hoopital Rule: log(1 + ) is continuous at 0 and log(1 + 0) = 0.

log(1 log/(1
lim log(1 + z) = lim log(1+z) [provided this limit exists]
z—0 T z—0 x!
) 1
= lim =1.
z—0 1+ x

(iv) (1 type = exp(2) type, then use the continuity of exp) According the definition a?,

1
(1+ x)% = exp (— log(1 + x))
T
Since exp is continuous at 1, so that [By (iii)]

log(1 + x))

= limexp <
z—0 x

8=

lin%(l + )

log(1
= exp (hr% M) [exp is continuous at 1]
r— X
= exp(l)=e.

Example 2.44 lim, (1 + aw)% = exp(a) for any a € R. In particular

lim (1 + %)n = exp(a) .

n—oo

If a = 0, then lim, (1 + aa:)% = lim, o1 =1 =exp(0). If a # 0, then

1
lm(l+az)> = limexp (— log(1 + a:v)) [By definition]
T

x—0 z—0

1
= exp (lim —log(1 + am)) [Continuity of exp|

x—0
= exp (}Slir(l) (1_’_;‘%:)) [if the limit exists, L’Hopital Rule]

= expla) .



Theorem 2.45 If f g: (a,a+ 0) — R are differentiable, where 6 >0, ¢'(z) # 0, f(z) —

00, g(x) — 00 as x | a, and lim, |, % exists (or £00), then

tim L) iy L8

i gla)  sla g(2)

Proof. Suppose that limg,, % = K is finite [Otherwise we may consider lim,, %
instead]. We may assume that ¢’ # 0 [That ¢’ # 0 near a is implied in the assumption

that lim,, I exists]. Ve > 0 there is a number & (< §) such that

7 ()
f'(x)
g (x)

—K‘<% Vo € (a,a+d1) . (2.8)

Now we choose a number ¢ in (a,a + 6;) [c is fixed from now on]. For any = € (a,c) we
apply Cauchy’s MVT to f, g on [x,c]|: there is a number , € (z,¢) such that

flo) = flx) _ f(&)
glc) —g(x)  g'(&)

Since &, € (z,¢) C (a,a+ d01), by (2.8)

L _ € e (ac
o0 =0 K<2 Vo € (a,c) . (2.9)
[However, we cannot conclude from (2.9) that E ; ; ((cc)) — K as z | a (although it does !!),
as there is no guarantee that &, will tend to a as x | a]. Now we consider
1) e f@ =@+
9(x) g(x
_ Sflo) | fl@) = flo) g(z) —g(c)
O CETCI G R
[l fl@)=fl) (90
- Tt () R
_ flo) | (fl2) = fle) ~g(c) 9@
-t Geme o) (- 50) e (- 0) -+
_ fle) | (fle) = fle) _g(0)) _ Kyg(o)
= st G %) (-15) - 56
_ fle) = Ky(c) 9@ [(flz) = flo)
- B (- 0) G )

[Why we are interested in this? Explained in the lecture], so that

f@) £(0) — Ko(o) 9(0) || f2) = f&)
‘mw K'S‘ 1@ 9@ — g0 K’
fO) - Ko@) <], g0

S' 2w




for any = € (a,c). Since g(z) — oo as z | a so that

and

i (1 56)

[Algebra of limits]. Thus there is d, > 0 [and 0; < min{d;, ¢ — a}] such that

- K
‘1_@ <2 ‘M _c
gla)| 3 g(x) 3

for every z € (a,a + 6;). Therefore

f(x) e 4de

< _ K — —— = YV € 1) .

o) <gtgzgg=¢ z € (a,a+ 01)

By definition, lim, |, % ~K. =

Theorem 2.46 Suppose f,g : (a,+o0) — R are continuous and differentiable, with

fx) — 0 and g(x) — 0 as @ — oo. If g'(x) # 0 on (a,+00) and 5((3
lim, o % =1

— 1, then

~

Proof. Apply L’Hépital Rule to functions F(z) = f(2) and G(z) = g(%). =

log ©
TH

M

Example 2.47 lim, . =0 /22 type] and lim,_. 1o & = 0 [2 type] for any p > 0.

Let g(x) = 2# = exp(plog z). Then ¢'(z) = pz*~'. By L’Hopital rule

log 1
lim 2% = Jim —2 [provided this limit exists]
r—+4o0o0 M r—+00 qu,u«*l
1
T—+00 ,U,(L’“

Example 2.48 For any p1 > 0, lim, 2" logz =0 . 0- oo type = 2 type/

Again use L’Hopital Rule

1
limz"logx = lim o8
z]0 z]0 x~H
1 /
— lim 2" [if this limit exists]
20 (z7H)
1 "
= lim—2—— = lim—— =0.

210 (—p)z=r=t alo (—p)



Example 2.49 Show that

1
Sll’l €T l—coszx 1
lim = —.
z—0 x Ve

. 1
[1%° type = exp (% type), then use the continuity of exp| Since f(x) = (%) I-cose {5 even
function, so that we only need to show that lim, o f(z) = ?@ According to definition

fo) = exp( 1 log sinx)

1 —cosz T

logsinz — logx
P 1 —cosx

By L’Hopital Rule,

cos T
sin x

. logsinz — logx i
lim = ljm 224
z|0 1 —cosz zl0  sSInx
. xcosx —sinzx
= lim —
z]0 xrsm-x
. CcoST —zxsinx — cosx . . . )
= lim — - [if exists, use L'Hopital again)]
zl0 sin“ x + 2z sin x cos &
T

_1
L [provided it exists|

= —lim —
zl0 sinx + 2x cosx

1
= —lim -
zl0 cosx + 2cosx — 2z sinx

1

3

Since exp is continuous at —%, so that

1
) sin x| L-cose ) log sinx — log x
lim = limexp
|0 T z|0 1 —cosx

logsinx — log x

= exp (lim ) [by continuity of exp]
[0 1 —rcosz

= ()

2.4 Taylor’s formula

If f is a function defined on [a,b] (where a < b) which has all (right-hand) derivatives

f®)(a) of orders up to n — 1 (where n > 1 is an integer, with convention that f(©) = f),

then we may form a polynomial of degree n — 1:
f//(a>

P, 1(x) = f(a) + f'(a)(x —a) + T(m —a)’+ -+

f"V(a)
(n—1)!

(z —a)" V.



Then P:?l(a) = f®)(a) for all k < n — 1, that is, P,_; agrees with f at a up to n — 1-th
order derivative.

Py(x) = f(a) [constant polynomial, not interesting];
Pi(z) = f(a)+ f'(a)(z —a) [linear approximation to f near al;
Py(z) = f(a)+ f'(a)(x—a)+ f2—<ﬁ)(x —a)? [quadratic approximation about a);
Let
E,(x,a) = f(z)— P,1(x)
n—1 (k)
_ v/ k'a) (z — a)f (2.10)
k=0 '

be the error between f(z) and P,_;(x). If in addition, f has derivatives f™ at a for all
n, then we may form a power series

P() = f(a) + Fla)a—a)+ L0

) (g
T N A I (2.11)

n.

(x—a)’+-+

n=0

which is called the Taylor expansion of f at a. The following lemma is obvious.

Lemma 2.50 Let f : [a,b] — R be differentiable up to any degree [f™ (a) exists for any
n/, R be the convergence radius of the Taylor expansion (2.11), and x € [a,b]. Then

f(z) = P(x)
if and only if E,(a,x) — 0 as n — oo. In this case, we must have |r — a| < R.

It is therefore quite important to derive a useful formula for the error F,(a,x) which is
achieved in the following Taylor’s theorem.

Theorem 2.51 (Taylor’s Theorem) Let f : [a,b] — R, n € N, where b > a. Suppose
f=Y s continuous on [a,b] and f exists on (a,b). Then there is a number & € (a,b)
such that

f(b) = Poa(b)+

k) (g (n)
k=0 ’ )
That 1is, .
Bufab) = L~ oy

n!
for some & [depending on a, b and n as well] between a and b, which is called the remainder
in Lagrange form.



[In general, £ may depend on a, b and n as well/.
Proof. We use the method of “varying a constant”: regard a in the definition of P,_(x)
as a variable. We therefore consider the function

®) ( .
F(x) = fkﬂ()(b—:r;)

= f@)+ f(@)(b—-2)+

i
L

>
Il

(n=1) (4
(b_x>2+’”+f(nfi)!>(b—x)"1
for z € [a,b]. Then F(b) = f(b) and F(a) = P,_1(b). Let G(z) = (b — x)". Then F and

G are continuous on [a, b], differentiable on (a,b). Moreover

f"(=)
2!

ek (o . nloek) (g 1
F'(z) = fk:—'<> (b—ax)" + f k'< ) (1) k(b—x) [Product Rule]
B il pD) () O -
N kzzo o e _kzl(k—1)!(b_x)
_ () (‘T) n—1
= oD (b—x)

and

G'(z) = —n(b—2)"" .

Hence G’ # 0 on (a,b). Apply Cauchy’s MVT to F', G on [a, b]: there is a number £ € (a, b)
such that

P~ Fla) _ Gt 0=9"" o

G(b)—Ga) —n-&"'  al
Substituting the values F'(a), F'(b), G(a) and G(b) into the above equation we obtain

) = Pual®) £
—(b—a)” n!

which can be rewritten as

Remark 2.52 We may use the same argument with any function G which is continuous
in [a,bl], differentiable in (a,b), and G" # 0. Then, according to Cauchy’s MV'T, there is a
number £ between a and b, such that

Fb)— Fla) 8-
G(b) - G(a) G'(§)




so that

f@):FQJ@y+ime%b_@m4§ﬁQ:§&Q

(n—1)! G'(¢)
By choosing different function G, you may devise Taylor’s Theorem with the remainder of
different forms. For example, if we choose G(x) = x — a, then GO-Gla) — §_ q. Thus

G'(€)
f(n)(g) n—1

f(b) = Pa(b) +

for some £ € (a,b). You may for example try G(z) = (x — a)™ for a power m > 1 to see
what kind of Taylor’s formula you can get. Of course, if you choose different G, you will
have different & between a and b.

If we set b — a = h, then Taylor’s theorem may be stated as

n—1
/%), [M(a+6h),,
fla+h)=>" o —h
k=0
where 6 is some number between 0 and 1, which depends on a, h and n.
Given a function f which has derivatives of all orders near a, so that you may write down
the sequence of {f*)(a)} and the power series [called the Taylor expansion of f at a]

f"(a) f"(a)

2
o) (x—a)*+--+ p

fla)+ f'(a)(x —a) + (x—a)*+--- (2.12)
The power series has convergence radius R, so that the power series (2.12) defines a function
on (a— R,a+ R) [and in general, you have to use other methods to study the convergence
at @ — R and a + R], denoted by ¢. That is

o £(n) (g
g(x) :Zf '( )(x—a)" Vr € (a— R,a+ R). (2.13)

n.

If it happens R = 0, then the Taylor expansion (2.13) is useless for the study of f.
Otherwise, all derivatives of the Taylor expansion (2.13) g at a coincide with those of f at
a: g™ (a) = f™(a) for any n [Differentiating a power series term by term again and again.
We therefore have a high hope that f(z) = g(x) for all z € (a — R,a + R). However, this
dream can be easily destroyed: the formation of the Taylor expansion (2.13) relies only on
the values of f in an arbitrary small neighborhood about a, say (a — &, a + ¢) for whatever
how small € > 0, and there is absolutely no reason why we should have f(x) = g(x) if
x # a, UNLESS f(z) CAN BE DETERMINED by the values of f near a [and through
the Taylor expansion of course!] This is the concept of analytic functions which will be
studied in PART A: Analysis.

Example 2.53 Let f(x) = exp(—=%) if v # 0 and f(0) = 0. Then f has derivatives of all

2

order, and f™(0) =0 for all n. In fact, for x # 0, we have

FO(r) = Qulr) exp(~—)



for some polynomial Q,, of L, so that lim,_q f™(x) =0 for any n [L’Hopital Rule]. Hence
f™(0) = 0 [Ezample 2.87]. Thus

FO+1) # 0 + FOh+- e+ LDy

as the right-hand side is identically zero. The remainder E,(0,h) for this function does
not tend to 0 as n — oo for any h # 0. In this case, we say f is not analytic at 0.

The Taylor’s Theorem also provides us with an explicit error estimate between f(z) and
its Taylor approximation
ARG
k!

k

(z —a)

Corollary 2.54 Let f : [a,b] — R have continuous derivatives of all orders on |a,b], and

(n)
En="—1 S ()]
Then ,
. (k)
f(x) — / k‘(a) (x —a)*| < E, Va € [a,b] .

In particular, if B, — 0 as n — oo then

> fk)
flz) = Z f k!(a) (z —a)* uniformly on [a,b] .
k=0
Theorem 2.55 We have
log(1 = —1 n1 2" v —1,1] . 2.14
oB(1+4) = (-1 v e (-1,1] (214)

In particular

o 1)1
10g2:2 (=1 .
n
n=1

Proof. Consider f(z) = log(1+ z). Then f™(z) = (—1)”*1(({:;));, so that

where, by Taylor’s Theorem

En(x):z—?f(")(fn)ﬂ—l)nl%( - )"



for some ¢, between 0 and x [which depends on = and n as well]. Clearly

n
T

1+ &

Bufo) = ©

k—12F

lel

thus, E,(x) — 0 if ’H&
[Ratio Test, Analysis I], we must have |z| < 1 in order that E,(z) — 0.

Now analyze the condition that

‘ < 1 for all n. The convergence radius of > ;- (—1)

v | <1 and

&n is between 0 and z. The inequality |7 ‘E{n <

2| <1+&,
that is
o> x| —1.

which is true if z € [—3,1]. Therefore

- z* 1
log(1 A f —=,1]. 2.1
og(l+ ) Z or x € | 2,} (2.15)
k=1
[As a byproduct, we thus proved that the power series Zzo:l(—l)k_l% is convergent at
x=1].

However we fail to prove that E,(z) — 0 for z € (—1,—3) (it does tend to zero !),

BECAUSE WE ARE LACK OF ENOUGH INFORMATION ABOUT ¢, to make a con-
clusion. In order to handle the values z € (—1,—3), let us consider the function

e}

g(x) = Z(—l)"‘l%n Vo e (—1,1] .

n=1

Then g is differentiable on (—1,1) and ¢’ can be determined by differentiating the power
series term by term [Theorem 2.10]:

n—1

g@ = DI
>

nlnl

= = Vo e (—1,1).

On the other hand f/(z) = - log(1+x) =
Identity Theorem

1%9& on (—1,1), and thus f" = ¢’ on (—1,1). By
f(z) — g(x) = constant = f(0) — ¢g(0) =0
so that

o0

log(1+x) = Z(—l)”lg Ve e (—1,1).

n=1



Together with (2.15) we thus have

log(1+ ) = Z(—l)”_l% Vo e (—1,1] .
n=1

Theorem 2.56 (The Binomial Expansion) Let p be a real number. Then

pp=1) > P pontl)

yZ—
(14+2)P =14 px+ 5 o

for any x € (—1,1).
Proof. Let f(z) = (1 +z)? for z > —1. Then

fl@) = p(l+apP
fiz) = plp—1) A+,

)

f(k)(:c) = p(p—l)...(p_(k_l))<1+$)p,k

and thus f®(0) = p(p —1)---(p — (k — 1)). By Taylor’s Theorem, for any = > —1, there
is a number &, between 0 and z such that

(1+x)P:1+nzp(p_l)m(p_(k_1>)x’“+En(x)

— k!
where
PR L) Sl U PR
C Dby (2 )

If x > 0, then &, > 0 so that

lp(p—1)---(p—(n—1))

B )] < !
= a,.
Since
An1 |p - n’
= T —x asn— oo .
an (n+1)

By the ratio test, if |z| < 1 then the series > a, converges, so that a, — 0. Hence
E,(z) — 0if 0 <z < 1. Therefore

(1+$)p:1+ip(p—l)-~-7(f!9—(n—1))xn Vr e [0,1) .

n=1



To extended to (—1,0) we consider

o) =14 330D O= (2,

which is a power series with convergence radius R = 1, so that g is differentiable on (—1,1)
and

, - 1) (p—(n—=1)) ,_,
g(@:;p(p )(nipl)!( ) -1

Hence
(1+2)d(r) = gp(p—l)&ﬁ-fpli (n—1)) (1 + 2) 2"
_ f:p(p—l)ﬁ-!-(p—n) n+§:p(p—1) -éz!?—(n—l))mn
= ;_:ip(p_l) 'T(ff(nnlg) ((p—n)+n)a”
_ pﬂzzp(p—l) -751!9—(71—1))51;”
= pg(ﬂﬁ)n:1

It is clear that (1 + z)f'(z) = pf(z) and f > 0 for all z > —1. Let h = ¢g/f on (—1,1).
Then

Y. f’gf—Qg’f
_ (+2)flg—-(A+a)g'f
(1+z)f?
pfg—rgf _
(1+z)f?

so that g/ f is constant in (—1,1), and therefore [The Identity Theorem]

%:%:1 Ve e (—1,1) .
Hence -
(1+x)p:1+Zp(p_1)'”$_("_1))x" ze(—1,1).
n=1
]
The cases © = 1 or x = —1 need to be considered separately. The conclusion are the

following. Their proofs will not presented in my lectures due to time constrain.



Theorem 2.57 1) If p > 0 [Note that, (14 x)? is continuous at 1 and —1], then

(Hx)p:1+§:p(p—1)---(p—(n—1))xn (2.16)

|
— n:

for all x € [—1,1]. For example

75‘% —(n- 1));15” Ve e [-1,1] .

> Ll _1y...
Vitr=14y 22l
n=1

2) If =1 < p < 0 [Note that, in this case, (1 + )P is not continuous at —1/, (2.16) is true
for x € (—1,1]. In particular, if p € (—1,0) then

> - (p=(n—-1
1 n!
CONvVETgES. In particular
1 (3)(=5 =D (=5 - (n—-1))
=1 2 2 2 n \v/ ~1.1
Vs ikl ; w x v e (—1,1]

3) If p < —1 then (2.17) is divergent, so that the expansion (2.16) is only true for x €
(—=1,1). For example

1 o0
= E (—1) 2" only for x € (—1,1)
I+ =

not true at —1 or 1.

Proof. 3) was proved in the previous theorem. According to the Taylor Theorem

(tap 145 22000 D)

n!
n=1

where

— Do (p=(n—-1 i
P =D e,

_ =D == e (L)

n! 1+¢&,

for some &, between 0 and z (note that £ depends on x and n).
Step 1. [Question 4 in Problem 8 is a special case of this part] If p € (0, 1), then we may
rewrite the remainder

1—p2 — n—1)— X !
Fula) = (1y Bl p(1+5")p(1+fn) |




If z € [0,1], then &, € (0,1) so that

0<

x
<1, (14+6)P <2

1+&, (1+4)

Since, when p € (0,1), each term %2 < 1, we thus have

|En ()] §£2p—>0 as n — 00
n

for any p € (0,1) and x € [0,1]. Hence we have, for any p € (0,1)

(1+2)? 1+Zp (n_1>>x” V€ [0,1] .

As a by-product, if p € (0, 1), then the series

T L RS

converges, and

The proof of

(1+x)p:1+ip(p_1)"'<p_(n_1))x“ Vo e [-1,1],

for p € (0,1) is much more difficult, which will be done in Step 3.
Let us consider the following sequence

plp—1)---(p—(n—1))

a(p)n =

If p € (0,1) then

= (-9 (19 (1-57)

Step 2. If p € (—1,0) then 1+ p € (0,1) and we thus may rewrite

I-(p+1))2-(p+1)---(n—(1+p))

a(pln = (=1)"

() o) (52




It is obvious therefore we need to study the sequence

o = (-3 (-9 (-3
(=

k=1
where v is a constant. By MVT, for every ¢ € (0,7]
t
log(1— 1) —log 1 = ———
og(l —1) —log ¢

for some £ between 0 and ¢, so that

t t
_ < —— <] 1—-1) < —t.
=5 = T sl =<
Hence L
e Tk < (1 — %) <en for k =1, 2,
so that

e TETRE < (), < e VTRt fork=1,2,--- . (2.18)

In particular, lim, .. b(r), = 0, a fact which, together with Taylor’s Theorem, allows you
to prove that, if p € (—1,1), then

(1+x)P:1+§:p(p_1)"'g_(n_1))x” Vo e (~1,1] .

Step 3. [Difficult Part] If p € (0, 1), then |a(p),| = 2b(p)n—1. The inequality (2.18) yields
that

b(p>n—1 S efp(zz;ll %flog(nfl))Jrlog(nfl)
o—Plog(n—1) ,—p(SiZ} §~log(n—1))

_ ﬁe—p(zzzfi—logm—l)) .
n J—

lim ( — log n) =7
n—oo 1

exists [Euler’s constant], so that

Since, as we have seen before,

| =

n—11

e—p( iy E—log(n—l)) S Cl )

Hence

IA
0
i

for all n> 2.



Since Y °°  —L1-— converges for p > 0 [Analysis 1, Integral Test], so that

n=2 n(n—1)P

o0 [e.9] 1
< - -
; la(p)n] < C’lan:; T < T

as p > 0. It in turn implies that the power series

T S A RIS

converges absolutely for any |z| < 1, and in particular it converges uniformly in [—1,1].
Hence for p > 0

(1+x)p:1+ip(p_1)”'g_(”_l))x“ Voe[-1,1] .

Remark 2.58 You may use Abel’s theorem to handle the end points. In fact, according
to Abel’s theorem, if

- 1 (p—(n—1
Z;p(p n]'J ( )

converges, then

Qp:Hip(p—l)mT(lz’?—(n—l)) |

Similarly, if (only possible for p > 0)

O R L))

|
—y n:

converges, then

LSS e — =)

n!

While, you have to use Taylor theorem to verify the convergence of these series.



